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HOW TO DETERMINE A K3 SURFACE FROM A FINITE
AUTOMORPHISM
SIMON BRANDHORST
Abstract. In this article we pursue the question when an automorphism de-
termines a (complex) K3 surface up to isomorphism. We prove that if the
automorphism is finite non-symplectic and the transcendental lattice small,
then the isomorphism class of the K3 surface is determined by an n-th root
of unity and an ideal in Z[ζn]. As application we give a generalization of
Vorontsov’s theorem and the classification of purely non-symplectic automor-
phisms of high order. Furthermore, we prove that there exist infinitely many
K3 surfaces with a symplectic and a non-symplectic automorphism of order
5. If they commute such a K3 surface is unique. We give a description of its
Néron-Severi lattice.
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2 SIMON BRANDHORST
1. Introduction
An algebraic K3 surface X is a smooth projective surface over an algebraically
closed field k = k with vanishing irregularity q = h1(X,OX) and trivial canonical
bundle, i.e. ωX = OX . A complex (holomorphic) K3 surface is a smooth, compact,
complex surface with vanishing irregularity and trivial canonical bundle. It is not
necessarily algebraic. The results of this article concern mostly algebraic K3 sur-
faces.
An automorphism f of a K3 surface is called symplectic if it acts trivially on
the global holomorphic 2-forms, f∗|H0(X,Ω2X) = id, and non-symplectic other-
wise. Furthermore we call f purely non-symplectic if all non-trivial powers are
non-symplectic. Note that K3 surfaces admitting a non-symplectic automorphism
of finite order are always algebraic [36, 3.1]. Being symplectic or not governs the
deformation behavior of the automorphism. One expects that a symplectic auto-
morphism deforms (at least) in rkT (X)−2 dimensions, while a non-symplectic auto-
morphism acting by order n on the holomorphic 2-form deforms in rkT (X)/ϕ(n)−1
dimensions where φ is the Euler totient function. In order to determine a K3 sur-
face by some fixed data d, the pair (X, d) should not deform. In the symplectic
case this means that rkT (X) = 2. There one can reconstruct the K3 surface up
to isomorphism from the (oriented) transcendental lattice by means of a Shioda-
Inose structure [46]. This article is concerned with the non-symplectic case, i.e.
rkT (X) = ϕ(n).
We prove that if X is a complex K3 surface and f ∈ Aut(X) of finite order with
rkT (X) = ϕ(order(f |H2,0(X))),
then the action of f on H0(X,Ω2X) and NS
∨(X)/NS(X) determine the isomor-
phism class of X . This is encoded in a root of unity and an ideal in Z[ζn]. If f is of
infinite order, we need the additional data of a primitive embedding T (X) →֒ LK3.
In many cases it is unique.
We shall give two applications of this theorem throughout this note. The first
is a generalization of Vorontsov’s Theorem 6.1 and related results. The second
application focuses on K3 surfaces admitting a symplectic and a non-symplectic
automorphism of order 5.
Symplectic automorphisms of finite order on complex K3 surfaces were studied
first in [36], while non-symplectic automorphisms of prime order and their fixed
points were classified in [4]. The authors proved that the moduli spaceM5K3 of K3
surfaces admitting a non-symplectic automorphism of order 5 has two irreducible
components distinguished by whether the automorphism fixes a curve pointwise or
not. In [19] A. Garbagnati and A. Sarti showed that the moduli space of complex K3
surfaces admitting both a symplectic and a non-symplectic automorphism of order
5 is zero dimensional. So at most countably many such surfaces may exist. The
authors then gave a single example lying in the intersection of the two irreducible
components of M5K3. It is given as the minimal resolution S of the double cover of
P2 branched over the sextic x0(x
5
0+x
5
1+x
5
2). The (non)-symplectic automorphisms
are induced by multiplying coordinates with 5th roots of unity. In particular the
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automorphisms commute. One can ask if this example is unique. We give two
different answers to this question:
• No, there exist infinitely many non-isomorphic complex K3 surfaces with
both a symplectic and non-symplectic automorphism of order 5.
• Yes, if the two automorphisms commute.
The proofs are carried out by reformulating all statements in terms of Hodge struc-
tures and lattices.
2. Complex K3 surfaces
Let X be a complex K3 surface. Its second singular cohomology equipped with
the cup product is an even unimodular lattice
H2(X,Z) ∼= 3U ⊕ 2E8 =: LK3
of signature (3, 19). Such a lattice is unique up to isometry. Definitions and prop-
erties of lattices are given in the next section. By the Hodge decomposition
H2(X,Z)⊗ C ∼= H2(X,C) = H2,0(X)⊕H1,1(X)⊕H0,2(X)
where Hi,j(X) ∼= Hj(X,ΩiX), Hi,j(X) = Hj,i(X) and H1,1(X) = (H2,0(X) ⊕
H0,2(X))⊥ has signature (1, 19).
Conversely, the Hodge structure of a K3 surface determines it up to isomorphism
as is reflected by the Torelli theorems.
Theorem 2.1. [7, VIII 11.1] Let X,Y be complex K3 surfaces and
f : H2(X,Z)→ H2(Y,Z)
an isometry of lattices whose C-linear extension maps H2,0(X) to H2,0(Y ). Then
X ∼= Y . If moreover f maps effective classes on X to effective classes on Y , then
f = F ∗ for a unique isomorphism F : Y → X.
The Hodge decomposition is determined by the period H2,0(X) =: ω and the
space of all such Hodge structures on LK3,
Ω(LK3) = {[ω] ∈ P(LK3 ⊗ C) | ω.ω = 0, ω.ω > 0},
is called the period domain.
A marked K3 surface is a complex K3 surface X together with an isometry
φ : H2(X,Z)→ LK3 called marking. Two marked K3 surfaces (X,φX) and (Y, φY )
are equivalent if there is an isomorphism f : X → Y with φY = φX ◦ f∗. Let M
be the moduli space of equivalence classes of marked K3 surfaces.
Theorem 2.2. [7, VIII 12.2] The period map
π :M→ Ω(LK3), (X,φ) 7→ φ(H2,0(X))
is surjective.
By Lefschetz’ Theorem on (1, 1) classes we can recover the Néron-Severi group
from the period as
NS(X) = H1,1(X) ∩H2(X,Z).
Its rank ρ is called the Picard number of X . The transcendental lattice is defined
as the smallest primitive sublattice T ⊆ H2(X,Z) whose complexification contains
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H2,0 ⊆ T ⊗C. The surface X is projective if and only if NS has signature (1, ρ−1).
In this case T (X) = NS(X)⊥. If we consider just a single K3 surface X , we will
usually omit the (X) from notation and just write Hi,j ,NS, T , etc. From now on
all K3 surfaces are assumed to be projective.
3. Lattices
A lattice is a finitely generated free abelian group L ∼= Zn together with a non-
degenerate bilinear pairing
L× L 7→ Z, (x, y) 7→ x.y
It is called even if x2 ··= x.x ∈ 2Z for all x ∈ L. The pairing induces an isomorphism
HomZ(L,Z) ∼= L∨ ··= {x ∈ L⊗Q | x.L ⊆ Z}
with the dual lattice L∨. The quotient L∨/L =: D(L) (or DL) is finite, abelian and
called discriminant group. If D is a finite abelian group, the minimum number of
generators of D is called the length l(D) of D. Note that l(DL) ≤ rkL. If DL = 0,
we call the lattice L unimodular, and if pDL = 0, we call L p-elementary. The
discriminant group is equipped with a fractional form
b : DL ×DL → Q/Z, (x, y) 7→ x.y + Z.
On an even lattice there is the discriminant form q given by
q : DL → Q/2Z, x 7→ x2 + 2Z.
The discriminant group decomposes as an orthogonal direct sum of p-groups
D(L) ∼=
⊕
p
D(L)p.
By polarization b|D(L)2p and q|D(L)p carry the same information for odd primes
p 6= 2. If D(L)p is an Fp-vector space, then q|D(L)p takes values in 2pZ/2Z. In this
case, if p 6= 2, we denote by qp the quadratic form qp(x) ≡ px2 mod p on D(L)p
with values in Fp. Such a form is determined up to isometry by its determinant
det(qp) ∈ F×p /(F×p )2 (cf. [20]). We call a quadratic/bilinear form module isotropic
if the form vanishes identically.
We say that two lattices M and N are in the same genus if N ⊗Z Zp ∼=M ⊗Z Zp
are isometric over the p-adic integers for all primes p and N ⊗Z R ∼= M ⊗Z R over
the real numbers.
Theorem 3.1. [37, 1.9.4] The signature (n+, n−) and discriminant form q deter-
mine the genus of an even lattice and vice versa.
Locally this means that N ⊗Z Zp and q|D(L)p carry the same information.
The local data at different primes is connected by the oddity formula
sig(L) +
∑
p≥3
p-excess(L) ≡ oddity(L) mod 8
where the sig(L) is defined as n+−n−. The p-excess is an invariant of q|D(L)p for
p ≥ 3 while the oddity is an invariant of the even part q|D(L)2.
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We need only the following simple cases:
• If L is an even lattice and 2 ∤ detL, then the oddity (L) is zero.
• If D(L)p is an Fp-vector space, p 6= 2, then
p-excess(L) ≡ dimD(L)p(p− 1) + 4kp mod 8,
where kp = 1 if the Legendre symbol
(
det qp
p
)
= −1, and zero else.
For precise definitions and a more detailed discussion of the classification of
quadratic forms we refer to [14, Chapter 15].
3.1. Gluing isometries. An embedding of lattices i : M →֒ L is called primitive
if the cokernel is free. We call two primitive embeddings i, j : M →֒ L isomorphic
if there is a commutative diagram with f ∈ O(L).
M L
L
i
j
f
We say that S embeds uniquely into L if all primitive embeddings are isomorphic.
A (weakened) criterion for this to happen is given in the next theorem.
Theorem 3.2. [37, Theorem 1.14.4] [34, 2.8] Let M be an even lattice of signature
(m+,m−) and L an even unimodular lattice of signature (l+, l−). If l(DM ) + 2 ≤
rkL− rkM and l+ > m+, l− > m−, then there is a unique primitive embedding of
M into L.
We mention the related
Theorem 3.3. [37, Theorem 1.14.2] Let M be an even, indefinite lattice such
that rkM ≥ 2 + l(DM ), then the genus of M contains only one class, and the
homomorphism O(M)→ O(qM ) is surjective.
A different perspective on primitive embeddings is that of primitive extensions.
Let i : M →֒ L be a primitive embedding. Then N ··= M⊥ is also a primitive
sublattice and we call
M ⊕N →֒ L
a primitive extension. In particular L is an overlattice ofM ⊕N . The bilinear form
provides us with a chain of embeddings
M ⊕N →֒ L →֒ L∨ →֒M∨ ⊕N∨
and
L/(M ⊕N) →֒ L∨/(M ⊕N) →֒M∨/M ⊕N∨/N.
Since L is integral (even), G = L/(M ⊕N) is an isotropic subspace with respect to
bM ⊕ bN (respectively qM ⊕ qN ). Primitivity of the embeddings translates to the
fact that G is a graph of a “glue map” φ defined on subgroups
(1) D(M) ⊇ pM (L)/M =: GM
∼=−→
φ
GN ··= pN (L)/N ⊆ D(N)
where pN , pM are the projections to N
∨ and M∨. Since G is isotropic, φ satisfies
qM (x) = −qN (φ(x)) mod 2Z ∀x ∈ GM
in the even case or
bM (x, y) = −bN(φ(x), φ(y)) mod Z ∀x, y ∈ GM
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for odd lattices. Conversely the graph
G ··= {x+ φ(x) | x ∈ GM}
of a glue map φ in D(M)⊕D(N) is an isotropic subspace and thus determines an
overlattice L of M ⊕N . Since G is a graph of an isomorphism, G∩D(N) = 0 and
the embedding is primitive. In this way primitive extensions correspond bijectively
to glue maps defined on subgroups. Since G⊥ = L∨/(M ⊕N), we can compute the
discriminant form of the overlattice via G⊥/G ∼= L∨/L. In this situation we write
L =M ⊕φ N and call G the glue of the primitive extension M ⊕N →֒ L.
Lemma 3.4.
|DN/GN | · |DM/GM | = detL
Proof. Divide the standard formula
detM detN = [L :M ⊕N ]2 detL
by [L :M ⊕N ]2 and use the isomorphisms (1). 
If L is unimodular, this recovers the well known fact that
DM = GM
∼=−→
φ
GN = DN .
For example, DT (X) ∼= DNS(X) for a K3 surface X over C.
Two isometries fM ∈ O(M), fN ∈ O(N) glue to an isometry fM ⊕φ fN on L iff
the induced action fM ⊕ fN in D(M) ⊕ D(N) preserves G, the graph of φ. Or
equivalently if fM , fN preserve GM , respectively GN , and φ ◦ fM = fN ◦ φ.
Example 3.5. We shall compute a simple example which we will meet again later.
Consider two rank one lattices A and B generated by a ∈ A, b ∈ B with a2 = −2,
b2 = −18. Then A∨ is generated by a/2 and B∨ is generated by b/18. The 2-torsion
part of their discriminant groups is isomorphic to Z/2Z generated by a/2 = a/2+Za
and b/2 = b/2 + Zb. Up to sign there is a unique isomorphism a/2 7→ b/2. Note
that it is actually a glue map since
qA(a/2) + qB(b/2) = 1/2 + 2Z− 9/2 + 2Z = 2Z.
Hence, its graph G = {0, a/2 + b/2} ⊆ D(A) ⊕ D(B) is isotropic and defines an
(even) overlattice of A⊕B generated by {a, b, a/2+b/2}. In the basis (a, a/2+b/2)
its Gram matrix is
(
2 1
1 −4
)
.
Example 3.6. If X is a complex K3 surface, then
NS⊕T →֒ H2(X,Z)
is a primitive extension. Let f be an automorphism of X . It acts (by pullback) on
the objects, NS, T,H2(X,Z), DNS = GNS ∼= G ∼= GT = DT in a compatible way. If
confusion is unlikely, we will denote all these actions by f .
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Theorem 3.7. [29] Let fi ∈ O(Li) i = 1, 2 be a pair of lattice isometries, and let
p be a prime number. Suppose
• Each discriminant group D(Li)p is a vector space over Fp;
• The maps f i on D(Li)p have the same characteristic polynomial S(x) and
• S(x) ∈ Fp[x] is a separable polynomial, with S(1)S(−1) 6= 0.
Then there is a gluing map φp : D(L1)p → D(L2)p such that f1 ⊕ f2 extends to the
overlattice L1 ⊕φp L2.
Note that we can piece together gluing maps φp for different primes p to get a
simultaneous glue map φ = ⊕pφp.
The following theorem is striking in its simplicity and its consequences. It is
probably known to the experts, though the author does not know a reference.
Theorem 3.8. Let M ⊕N →֒ L be a primitive extension and fM , fN be isometries
of M and N with minimal polynomials m(x) and n(x). Suppose that f = fM ⊕ fN
extends to L. Then
dL ⊆M ⊕N
where dZ = (m(x)Z[x] + n(x)Z[x]) ∩ Z.
Proof. By definition of d we can find u, v ∈ Z[x] such that
d = u(x)n(x) + v(x)m(x).
Then d · id = u(f)n(f) + v(f)m(f) and further
dL = (u(f)n(f) + v(f)m(f))L
⊆ u(f)n(f)L+ v(f)m(f)L
⊆ kerm(f)⊕ kern(f)
= M ⊕N.
In the last step we used the primitivity of M ⊕N →֒ L. 
Note that d divides the resultant res(m(x), n(x)) and both have the same prime
factors. For a case where d < res(m(x), n(x)) consider x2 + 1, x2 − 4. We deduce
the following corollary. It was originally stated in [30, Theorem 4.3] for unimodular
primitive extensions.
Corollary 3.9. Let M,N,L be lattices and
M ⊕N →֒ L
a primitive extension with glue GM ∼= G ∼= GN . Let fM , fN be isometries of M
and N with characteristic polynomials χM and χN . If fM ⊕ fN extends to L, then
any prime dividing |G| also divides the resultant res(χM , χN ).
3.2. Real orthogonal transformations and the sign invariant. In this sec-
tion we review the sign invariant of a real orthogonal transformation. Proofs and
details can be found in [20].
We denote by Rp,q the vector space Rp+q equipped with the quadratic form
x21 + · · ·+ x2p − x2p+1 − · · · − x2p+q.
Let SOp,q(R) = SO(R
p,q) be the Lie group of real orthogonal transformations of
determinant one, preserving the quadratic form. If the characteristic polynomial
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s(x) of F ∈ SOp,q(R) is of even degree 2n = p+q and separable, then it is reciprocal,
i.e., x2ns(x) = s(x−1). It has a trace polynomial r(x) defined by
s(x) = xnr(x + x−1).
Its roots are real of the form λ + λ−1 where λ is a root of s(x). Call T the set of
roots of r(x) in the interval (−2, 2). They correspond to conjugate pairs of roots
λ+ λ of s(x) on the unit circle. We have an orthogonal direct sum decomposition
Rp,q =
⊕
τ∈R
Eτ , Eτ ··= ker(F + F−1 − τI).
On Eτ , τ ∈ T , F acts by rotation by angle θ = arccos(τ/2). Hence Eτ is either
positive or negative definite. For τ ∈ T this is encoded in the sign invariant.
ǫF (τ) =
{
+1 if Eτ has signature (2, 0),
−1 if Eτ has signature (0, 2).
Denote by 2t the number of roots of s(x) outside the unit circle. We can recover
the signature via
(p, q) = (t, t) +
∑
τ∈T
{
(2, 0) if ǫF (τ) = +1
(0, 2) if ǫF (τ) = −1
Two isometries F,G ∈ SOp,q(R) with characteristic polynomial s(x) are conjugate
in Op,q(R) iff ǫF = ǫG.
3.3. Lattices in number fields. In this section we review the theory of lattice
isometries associated to certain reciprocal polynomials as exploited in [30]. For
further reading consider [8–10].
A pair (L, f) where L is a lattice and f ∈ O(L) an isometry with minimal
polynomial p(x), is called a p(x)-lattice. We call two p(x)-lattices (L, f) and (N, g)
isomorphic if there is an isometry α : L → N with α ◦ f = g ◦ α. Notice that
this definition differs from that of McMullen in [30] where p(x) is the characteristic
polynomial instead.
Example 3.10. If X is a complex K3 surface and f an automorphism of X acting
by multiplication with an n-th root of unity on H0(X,Ω2X), then (T (X), f) is a
cn(x)-lattice, where cn(x) denotes the n-th cyclotomic polynomial. Note that
H2,0 ⊆ (ker cn(f∗|T ))⊗Z C ⊆ T ⊗ C
Since the kernel is defined over Z, the equality T = ker cn(f |T ) follows from the
minimality of T .
Given an element a ∈ Z[f + f−1] ⊆ End(L) one can define a new inner product
〈g1, g2〉a ··= 〈ag1, g2〉
on L. We denote the resulting lattice by L(a), and call this operation a twist. The
pair (L(a), f) is called a twisted p(x)-lattice. If L is even, then so is L(a).
Conversely, if we start with an irreducible, reciprocal polynomial p(x) ∈ Z[x]
of degree d = 2e, we can associate a p(x)-lattice to it as follows Recall that r(y)
denotes the associated trace polynomial defined by p(x) = xer(x + x−1).
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Then
K ··= Q[f ] ∼= Q[x]/p(x)
is an extension of degree 2 of
k ··= Q[f + f−1] ∼= Q[y]/r(y)
with Galois involution σ defined by fσ = f−1.
Now we can define the principal p(x)-lattice (L0, f0) by
L0 ··= Z[x]/p(x)
with isometry f0 given by multiplication with x. As inner product we take
〈g1, g2〉0 ··=
∑
i
g1(xi)g2(x
−1
i )
r′(x+ x−1)
= TrKQ
(
g1g
σ
2
r′(x+ x−1)
)
where the sum is taken over the roots xi of p(x) and r
′(y) is the formal derivative
of r(y). This form is even with |detL0| = |p(1)p(−1)|.
The situation is particularly nice if K has class number one, Z[x]/p(x) is the full
ring of integers OK of K and |p(1)p(−1)| is square-free. In this case p(x) is called
a simple reciprocal polynomial and we get the following theorem.
Theorem 3.11. [30, 5.2] Let p(x) be a simple reciprocal polynomial, then every
p(x)-lattice of rank deg p(x) is isomorphic to a twist L0(a) of the principal p(x)-
lattice.
Remark 3.12. If we drop the condition that |p(1)p(−1)| is square-free, we have to
allow twists in r′(x+x−1)D−1K ∩Ok = 1/(x−x−1)OK∩Ok, whereDK = (p′(x))OK is
the different ofK. If K/k ramifies over 2, these need not be even in general [8, §2.6].
Dropping the condition on the class number leads to so called ideal lattices surveyed
in [10].
If Z[f ] ∼= Z[x]/p(x) is the full ring of integers OK , then all the usual objects such
as discriminant group, glue, (dual) lattice, etc. will be OK-modules.
Lemma 3.13. Let p(x) be a simple reciprocal polynomial. Then there is an element
b ∈ OK of absolute norm |p(1)p(−1)| such that L∨0 = 1bOK . If a ∈ Ok is a twist,
then
L0(a)
∨/L0(a) ∼= OK/abOK
as OK-modules.
Proof. Since L∨0 ⊆ K is a finitely generated OK-module, it is a fractional ideal. By
simplicity of p(x) OK is a PID and fractional ideals are of the form 1bOK , for some
b ∈ OK . Then L0(a)∨ = 1aL∨0 = 1abL0 and D(L0(a)) ∼= OK/abOK . 
Given a unit u ∈ O×K and a ∈ OK \ {0} the twist L0(uuσa) is isomorphic to
L0(a) via x 7→ ux as p(x)-lattice. Conversely, if v ∈ Ok and L0(va) ∼= L0(a) as
p(x)-lattices, then, by non-degeneracy of the trace map, we can find u ∈ OK with
v = uuσ. Since the cokernel of the norm map N : O×K → O×k is finite, the associates
of a ∈ Ok give only finitely many non-isomorphic twists.
By Lemma 3.13 the prime decomposition of a ∈ Ok in OK determines the OK-
module structure of the discriminant, while twisting by a unit may change the
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signature and discriminant form as follows.
Let T denote the set of real places of k = Q[y]/r(y) that become complex in K.
They correspond to the real roots τ of r(y) in the interval (−2, 2). Each such real
place is an embedding of ντ : k →֒ R given by b(y) 7→ b(τ). Its sign is recorded by
signτ (b(x)) = sign(ντ (b(x))). We call the resulting quantity the sign invariant. If
(L0(b), f0) is a twist of the principal lattice, then (cf. [20, 4.2])
ǫf0(τ) = signτ (b/r
′(y)).
For n ∈ N a lattice is called n-elementary if nDL = 0. Let I ⊆ OK be an ideal.
We call a p(x)-lattice I-elementary if IDL = 0.
Lemma 3.14. Let N →֒ L be a primitive embedding, and consider the natural
inclusion L →֒ L∨ and the projection
pN : L
∨ → N∨.
Then there is a surjection L∨/L։ N∨/pN (L).
Proof. We have the following induced diagram with exact rows
0 // L //


L∨ //


L∨/L //


✤
✤
✤
0
0 // pN (L) // N
∨ // N∨/pN (L) // 0
where the primitivity of N →֒ L gives the surjectivity of the central vertical arrow.
To see this, either use the Ext functor, or notice that a Z basis ofN can be completed
to a basis of L. Then take the dual basis. Since the diagram is commutative,
surjectivity follows. 
We remark that if (N, fN ) →֒ (L, fL) is a primitive embedding of p(x)-lattices,
then the maps involved are Z[x]/p(x)-module homomorphisms. If L is p-elementary,
then N∨/GN = pN (L
∨/L) is annihilated by p as well, or equivalently it is an OK/p-
vector space.
4. Small cyclotomic fields
Motivated by the action of a non-symplectic automorphism on the transcenden-
tal lattice of a K3 surface, we study cn(x)-lattices more closely. In order to do
this we review some of the general theory on cyclotomic fields. Our main reference
is [53].
For n ∈ N, we denote by K = Q(ζn) the n-th cyclotomic field and by cn(x) the
n-th cyclotomic polynomial. The Euler totient function ϕ(n) records the degree of
cn(x). The maximal real subfield of K is k = Q[ζn + ζn]. The rings of integers of
these two fields are
OK = Z[ζn] and Ok = Z[ζn + ζn].
Lemma 4.1. The cyclotomic polynomials cn(x) are simple reciprocal polynomials
for 2 ≤ ϕ(n) ≤ 21, n 6= 2d.
Proof. The only non-trivial part is that the class numbers are one. This is stated
in [28]. 
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Note that even though |c2d(1)c2d(−1)| = 4 is not square-free, every even c2d -
lattice (2 ≤ d ≤ 5) is a twist of the principal c2d -lattice (cf. Remark 3.12).
Lemma 4.2. [53, Prop. 2.8] If n ∈ N, has two distinct prime factors, then (1−ζn)
is a unit in OK .
The kernel O×+k of the map
sign : O×k → {±1}
ϕ(n)
2
is the set of totally positive units of Ok.
Proposition 4.3. [45, A.2] If the relative class number h−(K) = h(K)/h(k) is
odd, then O×+k = NKk (O×K).
Corollary 4.4. Let n ∈ N with ϕ(n) ≤ 20. Set K ··= Q(ζn) the n-th cyclotomic
field. Then the group homomorphism
sign : O×k /N(OK)→ {±1}
ϕ(n)
2
is injective.
Proof. As Q[ζn] is a PID for φ(n) ≤ 20, the relative class number is one and we
may apply Proposition 4.3. 
The first cases where the relative class number is even is for n = 39, 56, 29. There
h−(Q[ζn]) = 2, 2, 2
3 (cf. [53, §3]), and the sign map has a kernel of order 2, 2, 23
as well. We refer the interested reader to [23, 45] for more on the relation of class
numbers and totally positve units.
Proposition 4.5. The isomorphism class of a cn(x)-lattice (T, f), with 2 ≤ rkT =
ϕ(n) ≤ 20 is given by the kernel of
Z[x]/cn(x)→ O(T∨/T ), x 7→ f
and the sign invariant of f .
Proof. By Theorem 3.11, (T, f) ∼= (L0(ub), f0). Lemma 3.13 shows that the OK-
module structure of the discriminant determines the prime decomposition of b ∈ Ok.
By Lemma 4.4 the different isomorphism classes of (L0(ub), f0) for fixed b and some
u ∈ O×k are determined by their sign invariant. 
Remark 4.6. Note that we did not exclude 2-powers from this proposition.
Example 4.7. Recall that we denote by ζ5 = exp(
2πi
5 ) a fifth root of unity and
by c5(x) = x
4 + x3 + x2 + x + 1 its minimal polynomial. Set K = Q[ζ5] and
k = Q[ζ5+ζ
−1
5 ] = Q[
√
5]. Denote their rings of integers byOK = Z[ζ5] = Z[x]/c5(x)
andOk = Z[ζ5+ζ−15 ]. Note that both are principal ideal domains. So c5(x) is simple
reciprocal and the previous theorems apply. The primes factor as given in Figure
1.
Since c5(x) is a simple reciprocal polynomial, every rank 4 c5(x)-lattice is iso-
morphic to a twist L0(t), t ∈ Ok of the principal c5(x)-lattice by Theorem 3.11.
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Z
Ok
OK
p mod 5 0 1 2 3 4
Figure 1. Prime decompositions in Q[ζ5]
The principal c5(x)-lattice L0 has determinant 5 = |c5(1)c5(−1)|. The only prime
above 5 is (x − 1). Hence after a twist t ∈ Ok
D(L0(t)) =
1
(x−1)tOK/OK ∼= OK/(x− 1)t
as OK -modules by Lemma 3.13. The OK-module structure of the discriminant
group determines the prime decomposition of t up to units. The cokernel of the
norm map O×K → O×k consists of 4 elements. Thus we get 4 inequivalent twists
±t,±(ζ5+ ζ−15 )t two of which have signature (2, 2) but different sign invariants and
the other ones signatures (4, 0) and (0, 4).
For later use, we note two theorems on cyclotomic polynomials.
Theorem 4.8. [1,17] The resultant of two cyclotomic polynomials cm, cn of degrees
0 < m < n is given by
res(cn, cm) =
{
pϕ(m) if n/m = pe is a prime power,
1 otherwise.
Theorem 4.9. [17,18]
(Z[x]cn + Z[x]cm) ∩ Z =
{
p if n/m = pe is a prime power,
1 otherwise.
5. Uniqueness Theorem
Proposition 5.1. Let X be a complex K3 surface and f ∈ Aut(X) an automor-
phism of finite order with f∗(ω) = ζnω on 0 6= ω ∈ H0(X,Ω2X). Suppose that
rkTX = ϕ(n). Then there is a unique primitive embedding
TX →֒ LK3.
Proof. If ϕ(n) ≤ 10, then rkTX+l(DT (X) ≤ 2 rkTX = 2ϕ(n) = 20 and Theorem 3.2
provides uniqueness of the embedding. If ϕ(n) > 10, then ϕ(n) ≥ 12 and ζn is not
an eigenvalue of f |NS. By Corollary 6.3 there are only finitely many possibilities of
TX up to isometry. Uniqueness of the embedding is checked individually in Lemma
6.4.

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Proposition 5.2. Let X/C be a K3 surface and f ∈ Aut(X) an automorphism with
f∗(ω) = ζknω on 0 6= ω ∈ H0(X,Ω2X) where ζn = e2πi/n, k ∈ (Z/nZ)×. Suppose
that
(1) rkTX = ϕ(n),
(2) TX →֒ LK3 uniquely.
Then the isomorphism class of X is determined by (I, ζkn) where I is the kernel of
Z[x]/cn(x)→ O(T∨/T ), x 7→ f∗.
Conversely, if ζX = ζY , but IX 6= IY , then X 6∼= Y .
Proof. Let X,Y be K3 surfaces and fX , fY be automorphisms as in the theorem.
Set τ = ζkn + ζ
−k
n and Eτ = ker(f |T + f |−1T − τidT ). Looking at ω, ω ∈ Eτ ⊗C with
ω.ω > 0, we see that Eτ has signature (2, 0). Since the signature of T is (2, ϕ(n)−2),
this determines the sign invariants of (TX , fX) and (TY , fY ). This is recorded by
the complex n-th root of unity ζkn. By assumption their discriminants have the
same OK-module structure and Proposition 4.5 implies that (TX , fX) ∼= (TY , fY )
as cn(x)-lattices.
Hence, we can find an isometry ψT : TX → TY such that fY ◦ ψT = ψT ◦ fX .
The latter condition assures that ψT is compatible with the eigenspaces of fX , fY .
Since rkTX = ϕ(n), the eigenspaces for ζ
k
n are H
2,0(X) and H2,0(Y ). In particular,
ψT (H
2,0
X ) = H
2,0
Y .
Now, choose markings φX and φY on X and Y . They provide us with two em-
beddings φX and φY ◦ ψ of TX into LK3. By assumption (2) any two embeddings
are isomorphic. That is, we can find ψ ∈ O(LK3) such that the following diagram
commutes.
TX TX H
2(X,Z) LK3
TY TY H
2(Y,Z) LK3
fX
ψT ψT
⊆
φX
∃ψ
fY
⊆
φY
By construction φ−1Y ◦ ψ ◦ φX is a Hodge isometry. By the weak Torelli Theorem
X and Y are isomorphic. Conversely, let f1, f2 ∈ Aut(X) with f∗1ω = f∗2ω = ζnω.
Since the image of Aut(X) → O(T ) is a cyclic group, f1|T = f2|T . In particular
I1 = I2. 
Remark 5.3. Replacing f by a power fk with k coprime to n, we can fix the
action on the 2-forms. This corresponds to the Galois action ζn 7→ ζkn on Q(ζn).
In case the embedding is not unique, one can fix the isometry class of NS. Then
isomorphism classes of primitive embeddings with T⊥ = NS are given by glue maps
φ : T∨/T → NS∨/NS with −qT = qNS ◦φ modulo the action of O(NS) on the right.
We can also allow for an action of the centralizer of f |T in O(T ) on the left. It
should be noted that the proposition can be applied to automorphisms of infinite
order too.
Theorem 5.4. Let Xi, i = 1, 2 be complex K3 surfaces and fi ∈ Aut(Xi) auto-
morphisms of finite order with f∗i (ωi) = ζnωi on 0 6= ωi ∈ H0(Xi,Ω2Xi) such that
rkT (Xi) = ϕ(n). Then X1 ∼= X2 if and only if I1 = I2 where Ii is the kernel of
Z[x]/cn(x)→ O(NS(Xi)∨/NS(Xi)), x 7→ f∗i .
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Theorem 5.5. Let Xi/k, i = 1, 2 be K3 surfaces over an algebraically closed field
of characteristic not 2 or 3. Let fi be tame automorphisms with f
∗
i ωi = ζnωi ∈
H0(Xi,Ω
2
Xi
), and ϕ(n) = 22− rkNS(Xi). If I1 ∼= I2, then X1 ∼= X2 where Ii is the
kernel of
Z[x]/cn(x)→ O(NS(Xi)∨/NS(Xi)), x 7→ f∗i .
Proof. In the characteristic 0 case we can work over C. In the tame case we can lift
(X,NS, f) [22, Thm. 3.2]. This preserves I, and since f is tame, there is a unique
lift of ζn to an n-th root as well. We can apply the previous Theorem 5.4. 
6. Vorontsov’s Theorem
In this section we give a generalization as well as a (new) uniform proof of
Vorontsov’s Theorem and related results using the uniqueness theorem of this pa-
per. On the way we can correct results in [21, 48]. Originally this section was only
concerned with a new proof of Vorontsov’s Theorem. Then I heard of the work of
S. Taki. Among others he started the classification of purely non symplectic auto-
morphisms of order n on complex K3 surfaces such that ϕ(n) ≥ 12. It was then
that I realized that the language developed here is suitable for a generalization of
Vorontsov’s theorem.
Let X be a complex K3 surface and
ρ : Aut(X)→ O(NS(X))
be the representation of the automorphism group of X on the Néron-Severi group.
Set H(X) ··= ker ρ and h(X) ··= |H(X)| its order. Nikulin [36] showed that H(X)
is a finite cyclic group and ϕ(h(X)) | rkT (X). Vorontsov’s Theorem looks at the
extremal case ϕ(h(X)) = rkT (X). That is, X has an automorphism of (maximal)
order h(X) acting trivially on NS(X).
Theorem 6.1. [25,27,41,52] Set Σ ··= {66, 44, 42, 36, 28, 12} and
Ω ··= {3k (1 ≤ k ≤ 3), 5l (l = 1, 2), 7, 11, 13, 17, 19}.
(1) Let X/C be a K3 surface with ϕ(h(X)) = rkT (X). Then h(X) ∈ Σ ∪ Ω.
The transcendental lattice T (X) is unimodular iff h(x) ∈ Σ.
(2) Conversely, for each N ∈ Σ ∪ Ω, there exists, modulo isomorphisms, a
unique K3 surface X/C such that h(X) = N and ϕ(h(X)) = rkT (X).
Moreover, T (X) is unimodular iff N ∈ Σ.
For our alternative proof, we first show that h and the conditions given determine
the transcendental lattice (T, f) as a ch(x)-lattice (up to powers of f) and that T
embeds uniquely into the K3-lattice. Then Theorem 5.4 provides the uniqueness.
Next we show that for each h ∈ Σ ∪ Ω we can find (T, f) such that f is of order
h and acts trivially on T∨/T . This f can be glued to the identity, which trivially
preserves an ample cone. Then the strong Torelli theorem provides the existence.
Alternatively, the equations of X and f are well known and found in Tables 2, 3.
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Proposition 6.2. Let f be a non-symplectic automorphism acting with order n on
the global 2-forms of a complex K3 surface X with ϕ(n) = rkT (X). Then
det T (X) | res(cn, µ)
where µ(x) is the minimal polynomial of f |NS(X). If res(cn, µ) 6= 0 and f is purely
non-symplectic, then T is n-elementary, i.e. nDT = 0.
Proof. If cn and µ have a common factor, then res(cn, µ) = 0 and the statement is
certainly true. We may assume that gcd(cn, µ) = 1. Then we know that
T = T (X) = ker cn(f |H2(X,Z))
and we can view (T, f) as a cn(x)-lattice. Then DT ∼= OK/I, K = Q(ζn), for some
ideal I < OK . The isomorphisms DNS ∼= DT ∼= OK/I are compatible with f . In
particular µ(f |NS) = 0 implies that µ(f |DT ) = 0, i.e., µ(ζn) ∈ I. By definition of
norm and resultant
| detT (X)| = |OK/I| = N(I) | N(µ(ζn)) = res(cn, µ).
It remains to prove that I | n. Since for ϕ(n) ≤ 20 there is only a single prime ideal
above p | n in Q[ζn + ζ−1n ], it suffices to check that
res(cn, µ) | res
(
cn,
∏
k<n
ck
)
| N(n) = nϕ(n).
This is easily seen with Theorem 4.8. 
Corollary 6.3. Suppose that rkT (X) = ϕ(n) and f is purely non-symplectic with
gcd
(
µf |NS, cn
)
= 1. Then we have the following restrictions on T (X)
(0) T has signature (2, ϕ(n)− 2);
(1) 2 ≤ ϕ(n) ≤ 21;
(2)
(x− 1) | µ and µ |
∏
k<n
ck
where degµ ≤ 22− ϕ(n) and detT | res(cn, µ);
(3) ∃b ∈ Ok such that T ∼= L0(b) is a twist of the principal cn(x)-lattice.
The resulting determinants are listed in Table 1.
Proof. (0) and (1) are clear. (2) Since f is of finite order, µ = µ(f |NS) is separable
and we apply Proposition 6.2. (3) By assumption T is a cn(x)−lattice of rank deg cn.
For 2 ≤ ϕ(n) ≤ 21 all cyclotomic polynomials cn(x) are simple and Theorem 3.11
provides the claim.
It remains to compute the values of Table 1. We shall do the computation for
n = 28. The other cases are similar. By Theorem 4.8 a factor ck(x) of µ(x)
will contribute to the resultant if and only if n/k is a prime power. Hence, the
only possibilities are c4, c7, c14, c4c7, c4c14 which are of degree 2, 6, 6, 8, 8 and give
resultants 72, 26, 26, 2672, 2672. The principal c28(x)-lattice is unimodular and up
to units there is only a single twist above 2 of norm 26 and a single twist above 7 of
norm 72. This results in the 4 possible determinants 1, 26, 72, 2672. We can exclude
72 and 2672 since there is no twist of the right signature (2, 10). This leaves us with
determinants 1 and 26. 
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Table 1. Possible determinants of the transcendental lattice
n ϕ(n) detT
3, 6 2 3
4 2 22
5, 10 4 5
7, 14 6 7
8 4 22, 24
9, 18 6 3, 33
11, 22 10 11
12 4 1, 2234, 24
13, 26 12 13
15, 30 8 52, 34
16 8 22, 24, 26, 28
17, 34 16 17
19, 38 18 19
n ϕ(n) det T
20 8 24, 2452
21, 42 12 1, 72
24 8 22, 26, 2234, 2634
25, 50 20 5
27, 54 18 3, 33
28 12 1, 26
32 16 22, 24, 26
33, 66 20 1
36 12 1, 34, 2632
40 16 24
44 20 1
48 16 22
60 16 −
Lemma 6.4. Let 2 ≤ ϕ(n) ≤ 20. For each p | n, there is a unique prime ideal
Ok above p. In particular the cn(x)-lattices T of Table 1 are determined up to
isomorphism by their determinants. They admit a unique primitive embedding into
Lk3, except (n, detT ) = (32, 2
6) which does not embed in LK3.
Proof. The cn-lattices are twists of the principal cn-lattice. Twists correspond to
ideals in Ok which are well known from the theory of cyclotomic fields.
Since ϕ(n) + l(T∨/T ) ≤ 20 for all pairs (n, d) except (25, 5), (27, 33) and (32, 26)
Theorem 5.4 provides uniqueness (and existence) of a primitive embedding outside
those cases.
We have to check in case n = 25 that T embeds uniquely into the K3-lattice.
It has rank 20 and determinant 5. Its orthogonal complement NS is an indefinite
lattice of determinant 5. It is unique in its genus and the canonical map O(NS)→
O(NS∨/NS) is surjective since both groups are generated by −id. By [37, 1.14.1]
the embedding of T into Lk3 is unique.
For the case (27, 33), we need more theory not explained here, see e.g. [33].
By [33, VIII 7.6] NS is 3-semiregular and p-regular for p 6= 3. Now [33, VIII
7.5] provides surjectivity of O(NS) → O(NS∨/NS) and uniqueness in its genus
(alternatively cf. [31, 32]). Uniqueness of the embedding follows again with [37,
1.14.1].
It remains to check that (32, 26) does not embed into the K3-lattice. Suppose
that it does. Then its orthogonal complement is isomorphic to A1(−1)⊕5A1 which
is the only lattice of signature (1, 5) and discriminant group F62 (cf. [14, Tbl. 15.5]).
Its discriminant form takes half integral values. Up to sign it is isomorphic to the
discriminant form of its orthogonal complement T ∼= U(2)⊕U(2)⊕D4⊕E8 which
takes integral values, contradicting the existence of a primitive embedding. 
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Proof of Theorem 6.1. Let X be as in the theorem and f be a generator of H(X),
that is, f |NS = id and (T, f) is a simple ch(x)-lattice. As usual the discriminant
group is a finite OK-module, and we can find an ideal I < OK such that
NS∨/NS ∼= T∨/T ∼= OK/I.
The isometry f acts via multiplication by x on the right hand side. The condition
that it acts trivially on NS translates to
(x− 1) ∈ I.
(1) If n has distinct prime factors, then, by Lemma 4.2, (x−1) is a unit. Hence,
I = OK and T is unimodular.
(2) If n = pk, then OK is totally ramified over p and (x − 1) is prime of norm
p. In particular, either I = (x− 1)OK , or T is unimodular.
Collecting the entries (n, d) with d = 1 and n even from Table 1 leads to Σ, while
(2) leads to (pk, p), i.e., Ω. Now Lemma 6.4 and Theorem 5.4 provide uniqueness of
the K3 surface up to isomorphism. Note that the 2-power entries in Table 1 do not
satisfy (2). Instead of isolated examples there are only families with trivial action
(see [44]).
For the existence part, note that for each n ∈ Σ∪Ω there is a cn(x)-lattice (T, f)
of signature (2, ϕ(n)− 2) with trivial action on the discriminant group. It embeds
primitively into the K3-lattice and we can glue f to the identity on the orthogonal
complement. Then the strong Torelli theorem and the surjectivity of the period
map provide the existence of the desired K3 surface and its automorphism.

Lemma 6.5. The pair (54, 33) is not realized by a K3 surface.
Proof. Suppose that (X, f) realizes (54, 33). Then by Corollary 6.3 the charac-
teristic polynomial of f |H2(X,Z) is c54c6c2c1. The resultants look as follows:
res(c54, c6) = 3
2, res(c6, c2) = 3, res(c2, c1) = 2. A similar reasoning as in Proposi-
tion 6.2 for each factor ci yields a unique gluing diagram forCi = ker ci(f |H2(X,Z)).
Here an edge symbolizes a glue map. Associated to an edge is the glue G.
C54 C6
C1 C2
F23
F2
F3
F3
In particular this determines the lattices C2 and C1 with Gram matrices (−18)
and (2). There is a unique gluing of these lattices computed in Example 3.5. It
results in the lattice
C1C2 = ker c1c2(f |H2(X,Z)) ∼=
(
2 1
1 −4
)
.
We know the determinant of C6 is 33. Twisting the principal c6-lattice results in
C6 = A2(3). The gluing of C1C2 and C6 equals NS(X). It has discriminant group
F33. The lattices C1C2 and C6 are glued over F3. Their discriminant groups are
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D1 = Z/9Z and D2 = Z/9Z⊕F3. The gluing must result in a 3-elementary lattice.
We can apply Lemma 3.14 to get that the glue 3D1 = G1 ∼= G2 = 3D2. This gluing
is uniquely determined (up to ±1) and a quick calculation shows that the resulting
lattice is not 3-elementary. 
Table 2. Realized determinants in ascending order of ϕ(n) ≤ 10
n detT X f
3, 6 3 y2 = x3 − t5(t− 1)5(t+ 1)2 (ζ3x,±y, t) [25]
4 22 y2 = x3 + 3t4x+ t5(t2 − 1) (−x, ζ4y,−t)
5, 10 5 y2 = x3 + t3x+ t7 (ζ35x,±ζ25y, ζ25 t) [25]
8 22 y2 = x3 + tx2 + t7 (ζ68x, ζ8y, ζ
6
8 ) [44]
24 t4 = (x20 − x21)(x20 + x21 + x22) (ζ8t;x1 : x0 : x2)
12 1 y2 = x3 + t5(t2 − 1) (−ζ3x, ζ4y,−t) [25]
2232 y2 = x3 + t5(t2 − 1)2 (−ζ3x, ζ4y, t)
24 y2 = x3 + t5(t2 − 1)3 (−ζ3x, ζ4y,−t)
7, 14 7 y2 = x3 + t3x+ t8 (ζ37x,±ζ7y, ζ27 t) [25]
9, 18 3 y2 = x3 + t5(t3 − 1) (ζ29x,±ζ39y, ζ39 t) [25]
33 y2 = x3 + t5(t3 − 1)2 (ζ29x,±y, ζ39 t)
16 22 y2 = x3 + t2x+ t7 (ζ216x, ζ
11
16y, ζ
10
16 t) [43, 4.2]
24 y2 = x3 + t3(t4 − 1)x (ζ616x, ζ916y, ζ416t) [15, 4.1]
26 y2 = x3 + x+ t8 (−x, iy, ζ16t) [43, 2.2]
20 24 y2 = x3 + (t5 − 1)x (−x, ζ4y, ζ5t)
2452 y2 = x3 + 4t2(t5 + 1)x (−x, ζ4y, ζ5t)
24 22 y2 = x3 + t5(t4 + 1) (ζ3ζ
6
8x, ζ8y, ζ
2
8 t)
26 y2 = x3 + (t8 + 1) (ζ3x, y, ζ8t)
2234 y2 = x3 + t3(t4 + 1)2 (ζ3ζ
6
8x, ζ8y, ζ
6
8 t)
2634 y2 = x3 + x+ t12 (−x, ζ624y, ζ24t)
15, 30 52 y2 = x3 + 4t5(t5 + 1) (ζ3x,±y, ζ5t)
34 y2 = x3 + t5x+ 1 (ζ1015x,±y, ζ15t)
11, 22 11 y2 = x3 + t5x+ t2 (ζ511x,±ζ211y, ζ211t) [25]
Theorem 6.6. Let X be a K3 surface and f a purely non-symplectic automorphism
of order n such that rkT = ϕ(n) and ζn is not an eigenvalue of f |NS⊗C.
Set d = |detNS|, then X is determined up to isomorphism by the pair (n, d).
Conversely, all possible pairs (n, d) and equations for X and f are given in Tables
2, 3.
Proof. Comparing Tables 1 and 2, 3 we have to exclude the pairs (16, 28) and
(54, 33). For (16, 28), this is done in [43, 4.1]. The pair (54, 33) is ruled out in
Lemma 6.5.
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Table 3. Purely non-symplectic automorphisms with ϕ(n) ≥ 10
n detT X f
13, 26 13 y2 = x3 + t5x+ t (ζ513x,±ζ13y, ζ213t) [25]
26 13 y2 = x3 + t7x+ t4 (ζ1013x,−ζ213y, ζ13t)
21, 42 1 y2 = x3 + t5(t7 − 1) (ζ242x, ζ342y, ζ1842 t) [25]
21, 42 72 y2 = x3 + 4t4(t7 − 1) (ζ3ζ67x,±ζ27y, ζ7t)
21, 42 72 y2 = x3 + t3(t7 + 1) (ζ3ζ
3
7x,±ζ7y, ζ7t)
21 72 x30x1 + x
3
1x2 + x0x
3
2 − x0x33 (ζ7x0 : ζ7x1 : x2 : ζ3x3)
28 1 y2 = x3 + x+ t7 (−x, ζ4y,−ζ7t) [25]
26 y2 = x3 + (t7 + 1)x (−x, ζ4y, ζ7t)
26 y2 = x3 + (t7 + 1)x
(
x− (y/x)2, ζ4
(
y − (y/x)3) , ζ7t)
17, 34 17 y2 = x3 + t7x+ t2 (ζ717x,±ζ17y, ζ217t) [25]
34 17 x0x
5
1 + x
5
0x2 + x
2
1x
4
2 = y
2 (−y;x0 : ζ17x1, ζ517x2)
32 22 y2 = x3 + t2x+ t11 (ζ1832x, ζ
11
32y, ζ
2
32t) [40]
24 y2 = x0(x
5
1 + x
4
0x2 + x1x
4
2) (ζ32y; ζ
2
32x0 : x1 : ζ
24
32x2)
36 1 y2 = x3 − t5(t6 − 1) (ζ236x, ζ336y, ζ3036 t) [25]
34 y2 = x3 + x+ t9 (−x, ζ4y,−ζ9t)
2632 x0x
3
3 + x
3
0x1 + x
4
1 + x
4
2 (x0 : ζ
3
9x1 : ζ4ζ
3
9x2 : ζ9x3)
40 24 z2 = x0(x
4
0x2 + x
5
1 − x52) (x0 : ζ20x1 : ζ4x2; ζ8z) [27]
48 22 y2 = x3 + t(t8 − 1) (ζ248x, ζ348y, ζ648t) [27]
19, 38 19 y2 = x3 + t7x+ t (ζ719t,±ζ19y, ζ219t) [25]
38 19 y2 = x50x1 + x0x
4
1x2 + x
6
2 (x0 : ζ19x1 : ζ
16
19x2;−ζ1019y)
27, 54 3 y2 = x3 + t(t9 − 1) (ζ227x, ζ327y, ζ627t) [25]
27 33 x0x
3
3 + x
3
0x1 + x2(x
3
1 − x32) (x0 : ζ327x1 : ζ2127x2 : ζ27x3)
25, 50 5 z2 = (x60 + x0x
5
1 + x1x
5
2) (z;x0 : ζ
5
25x1 : ζ
4
25x2) [25]
33, 66 1 y2 = x3 + t(t11 − 1) (ζ266x, ζ366y, ζ666t) [25]
44 1 y2 = x3 + x+ t11 (−x, ζ4y, ζ11, t) [25]
By Lemma 6.4 the transcendental lattice is uniquely determined by (n, d) and
embeds uniquely into LK3. By Theorem 5.4 X is determined up to isomorphism
by (ζn, I), where I is the kernel of
Z[x]/cn(x)→ O(T∨/T ), x 7→ f
and f∗ωX = ζnωX for 0 6= ωX ∈ H0(X,Ω2X). By Lemma 6.4, I is determined
uniquely by (n, d). Replacing f with fk, (n, k) = 1, does not affect (n, d), hence I.
However, in this way we can fix a primitive n-th root of unity ζn.
It remains to compute the Néron-Severi group of the examples in Tables 2, 3
not found in the literature. In most cases this can be done by collecting singular
fibers of an elliptic fibration or determining the fixed lattice S(fk) = H2(X,Z)f of a
suitable power of the automorphism f through its fixed points. The corresponding
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tables of fixed lattices are collected in [4].
(4, 22) We see two fibers of type II∗ over t = 0,∞ and two fibers of type I2 over
t = ±1. Then NS ∼= U ⊕ 2E8 ⊕ 2A1 as expected. The two form is given in local
coordinates by dx∧dt/2y, and f∗(dx∧dt/2y) = −dx∧−dt/(2yζ4) = ζ34dx∧dt/2y.
Hence the action is non-symplectic. The fixed lattice is U ⊕ 2E8 while the I2 fibers
are exchanged. Giving that f |NS has order two.
(8, 24) The fourfold cover of P2 is a special member of a family in [3, Ex. 5.3].
It has five A3 singularities. The fixed locus of the non-symplectic involution f
4
consists of 8 rational curves, where each A3 configuration contains 1 fixed curve.
Hence, its fixed lattice is of rank 18 and determinant −24. It equals NS.
(12, 24) We get fibers of type 1× II, 1× II∗, 2× I∗0 which results in the lattice
NS = U ⊕ E8 ⊕ 2D4.
(12, 2232) This time zero section and fibers span the lattice NS = U ⊕ E8 ⊕
2A2 ⊕D4.
(15, 52) This elliptic K3 surface arises as a degree 5 base change from the ra-
tional surface Y : y2 = x3 + 4t(t + 1). We see the section (x, y) = (ζk3 , 1 + 2t) of
Y and then (x, y) = (ζk3 , 1 + 2t
5) generating the Mordell-Weil group of X(15,52).
Alternatively one can compute that NS is the fixed lattice of f3.
(15, 34) The 5-th power f5 of f is a non-symplectic automorphism of order 3
acting trivially on NS. It has 2 fixed curves of genus 0 lying in the E7 fiber and 6
isolated fixed points over t = 0 and t = ∞. The classification of the fixed lattices
of non-symplectic automorphisms of order 3 provides the fixed lattice of f5 which
equals NS. In order to get explicit generators of the Mordell-Weil group we can
base change with t 7→ t3 from the rational surface y2 = 2x3 + tx+ t4 with sections
(x, y) = (t, t2 + t), (0, t2).
(26, 13) Let X1 be the elliptic fibration defined by y
2 = x3 + t5x + t with
automorphism f1 of order 26 as in the table. The fibration has a fiber of type III
∗.
Since the 0-section is invariant under f1, the components of the III
∗ fiber are
preserved. We see that f1 has an invariant lattice of rank at least 9 - the 0-section
and fiber components. Let X2 be the elliptic fibration defined by y
2 = x3+ t7x+ t4
with automorphism f2 as in the table. There is a fiber of type IV
∗ at zero and a
fiber of type III at infinity. The blow up t = t′, x = x′t′2, y = y′t′2 reveals two
components of multiplicity 1 which are exchanged by the action. Thus the two
branches of the type IV ∗ fiber are exchanged. Further, if P is a generator of the
Mordell-Weil group, then f∗2P = −P . Thus we see that the invariant lattice is of
rank at most 7. In particular the two pairs (X1, f1) adn (X2, f2) are not isomorphic.
(34, 17) In the first case the fixed locus of g171 consists of a curve (y = 0) of genus
8 and a rational curve - the zero section. This leads to the fixed lattice U ⊕ 2(−2).
Since the fixed locus of g172 is a curve of genus 8, S(g
17) ∼= (2)⊕2(−2). Note that
there is an A4 singularity at zero. Since the fixed lattices of the two automorphisms
are different, the actions are distinct as well.
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(20, 24) The elliptic fibration has 5 fibers of type III and a single fiber of type
III∗. This results in the lattice U ⊕ E7 ⊕ 5A1 spanned by fiber components and
the zero section. It has determinant 26. Since there is also a 2-torsion section,
detNS = 24.
(20, 2452) In this case X(20,2452) has a single fiber of type I
∗
0 and 6 fibers of type
III. This results in the lattice U ⊕D4⊕6A1 of rank 12 and determinant 28. Again
there is 2-torsion. We reach a lattice of determinant 26. We get X by a degree 5
base change from y2 = x3 + 4t2(t+ 1)x with section (x, y) = (t2, t3 + 2t2). We get
the sections (x, y) = (t6, t9 + 2t4) and (−x(t), iy(t)) generating the Mordell-Weil
lattice 2A∨1 (5) of X .
(21, 72) We can base change this elliptic fibration from y2 = x3 + 4t4(t− 1) to
get the sections. (x, y) = (ζk3 t
6, 2t2 + t9) generating the Mordell-Weil lattice of X .
To double check note that f3 is an order 7 non-symplectic automorphism acting
trivially on NS and not fixing a curve of genus 0 point-wise. There is only a single
possible fixed lattice of rank 10, namely U(7) ⊕ E8. For the other possible action
see Lemma 7.23.
(24, 22) The fibration has 4 type II fibers, one type I∗0 and an II
∗ fiber. We
get NS = U ⊕D4 ⊕ E8.
(24, 26) In this case the fixed locus of f12 consists of 4 rational curves and a
curve of genus 1. This leads to a fixed lattice of rank 14 and determinant 26 as
expected.
(24, 2234) The trivial lattice is U⊕D4⊕4A2. It equals NS for absence of torsion
sections.
(24, 2634) Since X has a purely non-symplectic automorphism of order 24, the
rank of NS is either 6 or 14. Fix(f12) consists of 2 smooth curves of genus 0. Its
fixed lattice S(f12) is 2-elementary of rank 10 and determinant −28. We see that
rkNS(X) = 14. Since the orthogonal complement of S = S(f12) is of rank 4, the
glue DS is an at most 4 dimensional subspace. Then 2
4 ≤ |DS/GS | ≤ |DNS| by 3.4.
Hence 24 | detNS. Note that S(f12) = ker f12 − 1 and then ker c24c8(f) = S(f12)⊥
is of rank 12. This shows that the characteristic polynomial of f |NS is divided by
c8 but not by c24. We are in the situation of the theorem. As 2
4 | detNS, it is either
−26 or −2634. We show that 3 | detNS(X). A computation reveals that Fix(f8)
consists of a smooth curve of genus 1 and 3 isolated fixed points. This leads to a
fixed lattice
S(f8) = ker(c8c4c2c1)(f) ∼= U(3)⊕ 3A2
of rank 8 and determinant −35. Now we view S(f8) as a primitive extension of
ker c8(f) ⊕ ker c4c2c1(f). The rank of both summands is 4, while the length of
the discriminant group of S(f8) is 5. Then each summand must contribute to the
discriminant group. We see that 3 | det ker c8(f). However,
3 ∤ res(c8, c12c6c4c3c2c1) = 2
4.
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In particular the 3 part of D(ker c8(f)) cannot be glued inside NS. Then 3 | detNS.
(27, 33) The action of f9 has an isolated fixed point and a fixed curve of genus
3. We see that the fixed lattice of f9 is U(3) ⊕ A2 = NS. It is spanned by the 4
lines at x3 = 0. Note that f
3 acts trivially on NS while f does not.
(28, 26) This fibration has 8 fibers of type III and a 2-torsion section. Together
they generate the Néron-Severi group.
(32, 22) The elliptic fibration has a singular fiber of type I∗0 , of type II and 16
of type I1. Thus NS =∼= U ⊕D4. Here f has 6 isolated fixed points.
(32, 24) The fixed locus of S(f16) is the strict transform of y = 0 which is the
disjoint union of a rational curve and a curve of genus 5. Thus detNS = 24. Note
that f has 4 isolated fixed points.
(36, 34) The fixed curves of f12 are a smooth of genus 0 over t = 0 and the
central rational curve in the D4 fiber. This leads to the fixed lattice U ⊕4A2 = NS.
(36, 2632) If we can show that 2 | detNS, then the only possibility is detNS =
−2632. The action of f18 fixes a smooth curve of genus 3 and nothing else.
Hence, its fixed lattice S is 2-elementary of rank 8 and determinant 28. Denote
by C = S⊥ ⊆ NS the orthogonal complement of S inside NS. It has rank 2. As-
sume that 2 ∤ detNS. Then D(S)2 ∼= D(C)2 which is impossible, since D(S)2 has
dimension 8, while D(C)2 is generated by at most 2 elements.
(38, 17) The covering involution of the minimal model of y2 = x50x1+x0x
4
1x2+x
6
2
fixes the branch curve of genus 9 and no rational curve. Thus its fixed lattice is
isomorphic to (2) ⊕ (−2). In the second example y2 = x3 + t7x + t the involution
preserves the elliptic fibration. Thus its fixed lattice contains a hyperbolic plane.
In particular the fixed lattices and hence the two actions are distinct. 
Remark 6.7. The pair (21, 72) contradicts the main result of J. Jang in [21, 2.1].
There it is claimed that a purely non-symplectic automorphism of order 21 acts
trivially on NS. As a consequence it is claimed that there is only a single K3
surface of order 21. However there are two. The pair (28, 26) and its uniqueness
are probably known to J. Jang independently.
The pair (32, 24) contradicts the main result of S. Taki in [49]. There the uniqueness
of (X, 〈g〉) where g is a purely non-symplectic automorphism of order 32 is claimed.
In [48, 1.8, 4.8] S. Taki classifies non symplectic automorphisms of 3-power order
acting trivially on NS. The author is missing a case. It is claimed that if NS(X) =
U(3)⊕ A2 then there is no purely non-symplectic automorphism of order 9 acting
trivially on NS. The pair (27, 33) contradicts this result - there the automorphism
acts with order 3 on NS. It is a special member of the family
x0x
3
3 + x
3
0x1 + x2(x1 − x2)(x1 − ax2)(x1 − bx2)
with automorphism given by (x0 : x1 : x2 : x3) 7→ (x0 : ζ39x1 : ζ39x2 : ζ9x3) and
generically trivial action on NS as a fixed point argument shows. It was found
by first computing the action of f on cohomology through gluing. Thus proving
HOW TO DETERMINE A K3 SURFACE FROM A FINITE AUTOMORPHISM 23
its existence and then specializing a family with automorphism of order 3 given
in [2, 4.9].
7. Classification of purely non-symplectic automorphisms of high
order
Let Xi, i = 1, 2, be K3 surfaces and Gi ⊂ Aut(Xi) subsets of their automorphism
groups. We say that the pairs (X1, G1) ∼= (X2, G2) are isomorphic if there is an
isomorphism φ : X1 → X2 with φ ◦G1 = G2 ◦ φ.
Theorem 7.1. Let X be a K3 surface and Z/nZ ∼= G ⊆ Aut(X) a purely non-
symplectic subgroup with ϕ(n) ≥ 12. All possible pairs are found in Table 3.
Theorem 7.2. Let X(n,d) be as in Tables 2,3.
(1) For (n, d) = (66, 1), (44, 1), (50, 5), (42, 1), (28, 1), (36, 1), (32, 22), (32, 24),
(40, 24), (54, 3), (27, 33), (24, 22), (16, 22), we have
Aut(X(n,d)) = 〈g(n,d)〉 ∼= Z/nZ.
(2) For (n, d) = (28, 26), (12, 1), (16, 24), (20, 24) we have
Aut(X) ∼= Z/2Z× Z/nZ.
Remark 7.3. In [27] (1) is proven for n = 66, 44, 50 and 40 by a different method.
By the classification in [38], all other entries of Tables 2 and 3 have infinite auto-
morphism group.
Before proving the theorems we refine our terminology.
A g-lattice is a pair (A, a), where A is a lattice and a ∈ O(A) an isometry. A
morphism φ : (A, a) → (B, a) of g-lattices is an isometry φ : A → B such that
φ ◦ a = b ◦ φ.
Definition 7.4. We call two primitive extensions of g-lattices
(Ai, ai)⊕ (Bi, bi) →֒ (Ci, ci), i = 1, 2
isomorphic if there is a commutative diagram
(A1, a1) ⊕ (B1, b1) (C1, c1)
(A2, a2) ⊕ (B2, b2) (C2, c2)
of g-lattices.
We leave the proof of the following proposition to the reader.
Proposition 7.5. There is a one to one correspondence between isomorphism
classes of primitive extensions and the double coset
Aut(A, a) \
{
Glue maps φ : DA
∼−→ DB
satisfying φ ◦ a = b ◦ φ
}
/Aut(B, b)
where g.φ.h = g ◦ φ ◦ h for g ∈ Aut(A, a) and h ∈ Aut(B, b).
Definition 7.6. A g-lattice (A, a) has few extensions if
Aut(A, a)→ Aut(qA, a) = {g ∈ O(qA) | g ◦ a = a ◦ g}
is surjective.
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Example 7.7. Let (A, a) be a g-lattice such that DA ∼= Fp. Then Aut(DA, a) =
{±idDA}, and we see that (A, a) has few extensions.
Lemma 7.8. Let (A, a) be a simple cn(x)-lattice. Then Aut(A, a) = 〈±a〉.
Proof. Let h ∈ Aut(A, a). Then h is a Z[a]-module homorphism, i.e. h ∈ Z[a]× ⊆
K×. Since h is an isometry and (A, a) is simple, we get that
TrKQ (hh
σx) = TrKQ (x) ∀x ∈ K.
By non-degeneracy of the trace form, we get hhσ = 1, i.e. |h| = 1. By Kronecker’s
theorem, h is a root of unity. 
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Proposition 7.9. Let (L0(a), f) be a twist of the principal, simple p(x)-lattice and
I < OK such that DL0(a) ∼= OK/I. Then
Aut(qL0(a), f) = {[u] ∈ (OK/I)× | uuσ ≡ 1 mod I}.
Proof. Let g ∈ Aut(DL0(a), f). Under the usual identifications g = [u] ∈ (OK/I)×.
Note that (f − f−1)OK = DKk is the relative different of K/k, and set d = f − f−1.
Then L0(a)
∨ = 1adOK and I = adOK (Lemma 3.13). Since [u] preserves the
discriminant form, we get that b(x, y) = b([u]x, [u]y) for all x, y ∈ 1adOK , i.e.
TrKQ
(
1− uuσ
r′(f + f−1)ad2
OK
)
⊆ Z.
By definition of the different, this is equivalent to
1− uuσ
r′(f + f−1)ad2
∈ D−1K ,
and consequently
1− uuσ ∈ ad2r′(f + f−1)D−1K .
Now, the different DK = p′(f)OK = (f − f−1)r′(f + f−1)OK . Hence
1− uuσ ∈ adOK = I
as claimed. Conversely, let u ≡ 1 mod I. A similar computation shows that the
discriminant quadratic form qL0(a) is preserved if and only if
1− uuσ ∈ addσOk = a(DKk )2 ∩ k.
However, we already know 1 − uuσ ∈ aDKk ∩ k. By simplicity, we know that the
norm N(DKk ) = |p(1)p(−1)| is squarefree, and hence
DKk ∩ k = (DKk )2 ∩ k.

Remark 7.10. Instead of |p(−1)p(1)| being squarefree, one may assume K/k to
be tamely ramified. An instance where this fails is for Q[ζ2k ]. Here DKk ∩ k is the
prime ideal of Ok above 2. There we need uuσ ≡ 1 mod IDKk ∩ k.
Lemma 7.11. All entries in Table 1 except (24, 2634) have simple glue.
Proof. We do the calculation for (27, 33). The other cases are similar. Set ζ = ζ27.
Then I = (1− ζ)3, and OK/I = Z[ζ]/(1− ζ)3 has 18 units. They are given by
uǫ = ǫ0 + ǫ1(1− ζ) + ǫ2(1− ζ)2, (ǫ0 ∈ {1, 2}, ǫ1, ǫ2 ∈ {0, 1, 2})
We compute that
0
!≡ (1− uǫuσǫ ) ≡ ǫ0(ǫ1 + ǫ2)(2− ζ − ζ−1) mod (1− ζ)3.
We get 6 distinct solutions. However ±ζk for k ∈ 1, 2, 3 are all distinct modulo
(1− ζ)3. The claim follows. 
For n ∈ N we denote by Sn the symmetric group of n elements and by Dn the
dihedral group - the symmetry group of a regular polygon with n sides.
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Lemma 7.12. Let L be a hyperbolic lattice. Fix a chamber of the positive cone and
denote by O+(L)/W (L) ∼= Γ(L) ⊆ O+(L) the subgroup generated by the isometries
preserving the chamber. Set
φ : Γ(L)→ O(qL)
then for L 6= U(3)⊕A2 in Table 4 φ is surjective. For L = U(3)⊕A2 the cokernel of
φ is generated by −id. It is injective as well for all L in the table except U(2)⊕2D4
and U(2)⊕D4 ⊕ E8 where its kernel is of order 2.
Table 4. Symmetry groups of a chamber
L Γ(L)
U ⊕A2 S2
U(3)⊕A2 D4
U ⊕ 4A1 S4
U(2)⊕D4 S5
U ⊕ E8 S1
U ⊕D4 ⊕ E8 S3
L Γ(L)
U ⊕ 2A2 D4
U(3)⊕ 2A2 S6 × S2
U ⊕D4 S3
U ⊕ E6 S2
U(2)⊕ 2D4 S8 × S2
U(2)⊕D4 ⊕ E8 S5 × S2
Proof. In all cases we can compute a fundamental root system using Vinberg’s
algorithm [51, §3]. An isometry preserves the chamber corresponding to the fun-
damental root system if and only if it preserves the fundamental root system. We
get a sequence
0→ O+(L)/W (L) ∼= Γ(L)→ Sym(Γ)→ 0
where Sym(Γ) denotes the symmetry group of the dual graph of a fundamental
root system. Since the fundamental roots form a basis of L ⊗ Q, the sequence is
exact. The calculation of kerφ is done by computer. For L = U(2) ⊕ 2D4 see
also [26, 2.6]. 
Remark 7.13. The observation that for L = U(3) ⊕ A2, −id|DL generates the
cokernel of φ gives another proof that (54, 33) is not realized.
Proof of Theorem 7.1. Fix some pair (X,G) with (n, d) and write G = 〈g〉 for
g ∈ G such that g∗ω = ζnω. In order to prove the theorem, we have to show
that (H2(X,Z), g) is unique up to isomorphism as a g-lattice. We have seen that
(n, d) determines (T, g|T ) (and X/ ∼= by Thm. 5.4). By Lemma 7.11, (T, g|T )
has simple glue. Hence the isomorphism class of (H2(X,Z), g) is determined by
the isomorphism class of (NS, g|NS). What remains is to determine all possible
isomorphism classes for (NS, g|NS) and (n, d) fixed. This is done in the following
lemmas. 
Lemma 7.14. For (p, p), p = 13, 17, 19, g|NS = id.
Proof. Since the order of g on NS is strictly smaller than n = p in these cases, it
can only be one. 
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(a) U ⊕D4
(b) U ⊕ 4A1
(c) U(2)⊕ 2D4
(d) U ⊕ E6
(e) U(2)⊕D4
(f) U ⊕ 2A2
3
3
3
3
3
3
(g) U(3)⊕ 2A2
(h) U(2)⊕D4 ⊕ E8
(i) U(3) ⊕A2 (j) U ⊕D4 ⊕E8
Figure 2. Dynkin diagrams of the fundamental root systems
Proof of Theorem 7.2. (1) By Lemma 7.12, we have for these lattices that
O+(NS)/W (NS) ∼= O(qNS).
Consequently, automorphisms are determined by their action on the transcendental
lattice and this group is generated by g(n,d). (2) In this case φ : Γ(NS)→ O(q|NS)
has a kernel of order two and there are exactly two possibilities for g|NS. They
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differ by an element of the kernel corresponding to a symplectic automorphism of
order two. 
We note the following theorem for later use.
Theorem 7.15. [35, 3.3.14 (ii)] Let (L, f) be a cn-lattice of rank mφ(n).
detL ∈
{
pm · (Q×)2 , for n = pk, p 6= 2,
(Q×)
2
, else.
Recall the notation Ci = ker ci(g|H2(X,Z)), CiCj = ker cicj(g|H2(X,Z)), and
note that g|NS preserves a chamber of the positive cone if and only if
ker
(
gn−1 + gn−2 · · ·+ 1) |NS
is root free. In this case we call g unobstructed and obstructed else.
Lemma 7.16. For (38, 19) there are two pairs (X, g1), (X, g2) up to isomorphim.
Set
R1 =
(−2 −1
−1 −10
)
, R2 =
(−8 2
2 −10
)
.
Then NS ∼= U ⊕R and g1|NS is given by the gluing of
C1 ∼= U ⊕ (−2) and C2 ∼= (−38)
along 2. Further g2|NS is given by the gluing of
C1 ∼= (2)⊕ (−2) and C2 ∼= R2
along 22.
Proof. There are 3 cases
χg|NS = (x− 1)r(x + 1)4−r, (r = 1, 2, 3).
Note that C1 is 2-elementary and detC1 | 2m where m = min{r, 4− r} (Thm 3.8).
r = 1: Here C1 = (2) and C2 = (−2) ⊕ R which is the unique even, negative
definite lattice of determinant −38.
r = 2: We see detC2 | 2219 and there are 4 such lattices - R1,(−2)⊕ (−38), R1(2)
and R2. The first two lattices have roots and R(2) has wrong 19 glue, since
the Legendre symbol
(
2
19
)
= −1. We are left with R2. The glue is easily
seen to be unique.
r = 3: We have the single choice C2 = (−38) and C1 = U ⊕ (−2). Indeed the
gluing exists and is unique.

Lemma 7.17. (34, 17) There are two pairs (X, g1) and (X, g2) for (34, 17). The
action of g1|NS is given by the gluing of
C1 = U ⊕ (−2)⊕ (−2) and C2 = −
(
6 2
2 12
)
.
along 2.
The action of g2|NS is given by the gluing of
C1 = (2)⊕ (−2)⊕ (−2) and C2 = −2

2 1 11 3 1
1 1 4


along 2.
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Proof. Here we need a little more work. Note that NS ∈ II(1,5)(17−1). There are
the 5 cases
χg|NS = (x − 1)r(x+ 1)6−r, r ∈ {1, . . . 5}.
In any case 17 | detC2 | 2m17 where m = min{r, 6− r}. The 17 part of the genus
symbol of C2 is 17−1, and moreover 2(DC2)2 = 0. Then the genus symbol looks as
follows II(0,6−r)(2
v
∗17
−1).
r = 1: Then C1 = (2) and detC2 = −34. Hence in order to glue above 2, C2
must be an element of II(0,5)(2717
−1) or II(0,5)(2
−1
3 17
−1), but both genera
are empty as they contradict the oddity formula.
r = 2: Here C2 is even of signature (0, 4) and determinant d = −17,−2 ·17,−4 ·17.
Looking at the tables in [39], we see that there are 1, 0, 7 such forms, and
all of them contain roots.
r = 3: From the tables in [12], we extract the following. If v = 0,±2 the respective
genera are empty. If v = 1, there is a single genus, namely II(0,3)(2
1
117
−1)
containing two classes - both have maximum −2. However, for v = 3 there
are 9 negative definite ternary forms of determiant 2317. Only a single one
of them has the right 2-genus symbol and no roots. It is given by
C2 = −2

2 1 11 3 1
1 1 4

 .
Indeed, here C1 = (2) ⊕ (−2) ⊕ (−2) works just fine, and as |O(qC1)| = 2
it is evident that the gluing is unique as well.
r = 4: Here detC2 | 2217, and we get the possibilities
−
(
2 0
0 34
)
,−
(
4 2
2 18
)
,−
(
6 2
2 12
)
.
The first two have wrong 17 glue. We are left with the third one. It has
(qR)2 ∼= (1/2)⊕ (1/2).
Then there is the single possibility C1 ∼= U ⊕ (−2) ⊕ (−2). Surjectivity
of O(C1) → O(qC1), hence uniqueness of the extension is provided by
Theorem 3.3.
r = 5: Here C2 = (−34) ∈ II(0,1)(2717) has wrong 17-glue.

For the next lemma we use the holomorphic (see [5, p.542] and [6, p.567]) and
topological Lefschetz formula. We give a short account. See [48] for a similar ap-
plication.
Recall that g is a purely non-symplectic automorphism of the K3 surface X with
g∗ω = ζnω, where 0 6= ω ∈ H0(X,Ω2X). Let x be a fixed point of g. Then the local
action of g at x can be linearized and diagonalized (in the holomorphic category).
We call it of type (i, j) if it is of the following form(
ζin 0
0 ζjn
)
.
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This implies that the fixed point set Xg is the disjoint union of isolated fixed points
and smooth curves C1, . . . , CN . Set
aij =
1
(1− ζin)(1− ζjn)
and b(g) =
(1 + ζn)(1 − g)
(1− ζn)2 .
Denote by mi,j the number of isolated fixed points of type (i, j), and set gl = g(Cl)
the genus of the fixed curve Cl. The topological Lefschetz formula is
e(Xg) =
4∑
i=0
(−1)iTr(g∗|Hi(X,Z))
which in our setting amounts to
M +
N∑
l=1
(2− 2g(Cl)) = 2 + Tr(g∗|T ) + Tr(g∗|NS)
whereM =
∑
i+j=n+1
1<i≤j<n
mi,j is the number of isolated fixed points. The holomorphic
Lefschetz formula is
1 + ζn =
2∑
i=0
(−1)iTr(g∗|Hi(X,OX)) =
∑
i+j=n+1
1<i≤j<n
aijmij +
N∑
l=1
b(gl).
Lemma 7.18. For (26, 13) there are two pairs (X, f1) and (X, f2). The action of
g1|NS is given by the gluing of
C1 = U ⊕D4 ⊕A1 and C2 = −

4 2 22 4 2
2 2 10


along 23. The action of g2|NS is given by the gluing of
C1 ∼= (2)⊕ E8 and C2 ∼= (−26)
along 2.
Proof. We already know the uniqueness of (X, g2). One can check that g2 has 9
isolated fixed points and a (pointwise) fixed curve of genus 0. The local types are
given by
m2,12 = 3,m3,11 = 3,m4,10 = 2,m5,9 = 1.
Since Xg ⊆ Xg2 , either g fixes a curve of genus 0 and at most 9 isolated points, or
g does not fix a curve and at most 11 points.
A calculation of the holomorphic Lefschetz formula yields the following possibil-
ities: Xg fixes a curve of genus zero and 7 or 9 points. The possible local actions
are
m2,25 = 4,m5,22 = 1,m11,16 = 1,m12,15 = 1;
m2,25 = 4,m9,18 = 1,m10,17 = 2,m11,16 = 1,m12,15 = 1;
m2,25 = 3,m3,24 = 2,m4,23 = 2,m5,22 = 1,m11,16 = 1.
Xg fixes 4, 5, 6 or 7 points with local contributions
m5,22 = 1,m7,20 = 1,m11,16 = 1,m12,15 = 1;
m5,22 = 1,m11,16 = 1,m12,15 = 1,m13,14 = 2;
m7,20 = 1,m9,18 = 1,m10,17 = 2,m11,16 = 1,m12,15 = 1;
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m9,18 = 1,m10,17 = 2,m11,16 = 1,m12,15 = 1,m13,14 = 2.
In any case the fixed locus has Euler characteristic 4 ≤ e(Xg) ≤ 11. Write
χg|NS = (x− 1)r(x+ 1)10−r
for the characteristic polynomial of the action of g on NS. Then the topological
Lefschetz formula reads
e(Xg) = 2 + Tr(g∗|T ) + Tr(g∗|NS) = 2 + 1 + r − (10− r) = 2r − 7,
and consequently 6 ≤ r ≤ 9 We view NS as a primitive extension of C1⊕C2. Since
res(c1, c26) = 1, we see that 13 | detC2. Further, C1 is 2-elementary. We conclude
that |detC2| = 2k13 where k ≤ min{r, 10− r}.
r = 6: Looking at the tables in [39], we see that for k = 0, 1, 2, 3 all even forms
of signature (0, 4) and determinant −2k13 have roots. For k = 4 there
are three forms without roots. However, none of them has 2-discriminant
(Z/2Z)4.
r = 7: Here we use the tables of [12] to list even forms of signature (0, 3) and
determinant 2k13.
• For k = 0 there is no lattice of this determinant.
• For k = 1 there is a single class, but it is obstructed.
• For k = 2 there are two genera of this determinant, but their 2 dis-
criminant group is isomorphic to Z/4Z.
• For k = 3 there is a single genus with right 2 discriminant and 13 glue.
It is
II(0,3)(2
−3
1 13
−1)
and consists of the two classes
−

2 0 00 2 0
0 0 26

 , and −

4 2 22 4 2
2 2 10

 ∼= C2
one of which, C2, has no roots. Then
C1 ∼= U ⊕D4 ⊕A1.
r = 8: There are no negative definite lattices of rank 2 and determinant 13 or 26.
But there are two of determinant 22 · 13:(−2 0
0 −26
)
, and
(−4 2
2 −14
)
.
The first one is obstructed while the second one has wrong 19-glue.
r = 9: Here we can take C2 ∼= (−26) and C1 ∼= (2)⊕ E8. The lattices glue.
We have to check uniqueness of the gluings. This is provided by the
surjectivity of
O(C1)→ O(qC1)
which follows in each case from [37, 1.14.2].

Lemma 7.19. For (36, 2632) , the characteristic polynomial is
χg = c36c18c4c2c1
and the gluings are given by
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C36 C4
C18 C2
C1
26
32
2
2
2
3
This determines the g-lattice (NS, g|NS) uniquely up to isomorphism.
Proof. The possible contributors to the resultant are c9, c18, c4 and c12. First the
26 contribution is coming from either c9 or c18 dividing χ(g|NS). Then there is no
room for c12 left. Thus the 3
2 contribution is coming from c4. This leaves us with
χg = c36c18c4(x± 1)(x− 1) or c36c9c4(x± 1)(x− 1).
Since the principal c4(x)-lattice has determinant 2
2, we have to glue it over 22. This
determines the characteristic polynomial to be c36c18c4c2c1 or c36c9c4c2c1. At this
point we know C36, C4 ∼= (−6) ⊕ (−6), C18/C9 ∼= E6(2) and their gluings which
exist by Theorem 3.7. Then
(qC1C2)3
∼= (qE6(2))3(−1) ∼= (2/3).
The case C1C2 = C1 ⊕ C2 leads to C2 = (−2) which is obstructed or C2 = (−6)
which has the wrong 3-glue. Thus we have to glue. Then C1 ∼= (4) and C2 ∼= (−12)
as C1 ∼= (12) has wrong 3-glue. This gluing is unique since (Z/4Z)× = {±1}. Since
(DC2)3 can be glued to C18 but not to C9, we have
χg = c36c18c4c2c1.
The only step at which we have non-trivial freedom in the choice of glue is between
C1C2 and C4. This freedom is due to the action of g|C4. Thus is does not affect
the isomorphism class of (C1C2C4, g1 ⊕ g2 ⊕ g4) and uniqueness of (NS, g) up to
isomorphism follows. 
Lemma 7.20. For (36, 34) the action of g|NS is uniquely determined by the fol-
lowing gluing diagram.
C36 C12 C3 C1 ∼= U ⊕A23
4 22 3
,
Proof.
• Claim: rkC12 = 4
The res(c36, c4) = 3
2 is too small. Thus c12 | χg. Suppose c212 | χg. Then
χg = c
2
12(x± 1)(x− 1).
Hence C12 is even of signature (0, 8) and DC12 ∼= F43. According to Magma there
are two classes in this genus (one of them is 4A2). Both have roots. At this point
we know that C12 is a twist of the principal c12 lattice.
• Claim: c3c6, c23, c26 ∤ χg
In this case there is no room for c4 and 3
4 | detC12. Now, res(c12, c36c6c3) = 2434
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and detC12 ∈ 34, 2234, 2434. However, only for detC12 = 2234 there is a twist
of the right signature, and we compute
(DC12)2 ∼=
(
1 1/2
1/2 1
)
C36 C12 C3C6 C1C2
34 22 3∗
Looking at the resultant res(c3c6, c12c2c1) = 3
222 and the fact that detC6C3 is
a square (Thm 7.15), we see that there are the two possibilities
detC3C6 ∈ {22, 2232}.
Either C3C6 ∼= D4 which is unique in its genus, or C3C6 ∈ II(0,4)(2−232).
According to Magma this genus consists of two classes containing roots. One of
them is A2(2)⊕A2.
• Claim: detC12 = 3422
The resultant res(c12, c36c3,6c4c2c1) = 2
236, and the possible determinants of C12
are 32, 34, 36, 2232, 2234, 2236. But 32 has roots and for 34, 2232, 2236 there is no
twist of the right signature. This leaves us with 2234 or 36. We show 36 is not
possible. In this case the gluings look as follows.
C36 C12 C4 Rest
34 32 2∗
In particular (DC4)3 ∼= F23 with a non-degenerate form must be glued to
(g2 + 1)DC12 which is totally isotropic. This is impossible.
• Claim: c4 ∤ χg
Since detC12 = 3422, c3 or c6 must divide χg. This leaves us with an undeter-
mined factor of χg of degree 3. Suppose c4 divides it. Then C4 is principal, and
by counting resultants we obtain
detC4 ∈ {22, 2232, 2234}.
But 22 leads to C4 = (−2)⊕ (−2) which is obstructed. If detC4 = 2232, then it
must be glued over 3 to either C36 or C12. But for both the only possible glue
is totally isotropic. We are left with detC4 = 2234 and then C4 must be glued
over 32 with both C36 and C12. The gluing with C12 leads to roots, i.e. C12C4
is obstructed. We conclude that c4 cannot divide χg.
• Claim:
C36 C12 C3 or C6 U ⊕A23
4 22 3
Counting resultants yields that the determinant of C3 (resp. C6) is at most 223,
while it is at least 223 as C12 needs a gluing partner. Note that U ⊕ A2 is the
only lattice of determinant 3 and signature (1, 3). A calculation shows that all
gluings exist.
• Claim: g|U ⊕A2 = id
From Lemma 7.12, we know that there are only two possibilities for g|U ⊕ A2.
For the non-identity possibility one computes C2 = (−6). However, the gluing
of C6 ∼= A2(2) and (−6) along 3 results in a lattice containing a root. Hence this
case is obstructed.
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The only case with non-trivial freedom is the gluing of C12 and C3 along 22.
However Aut(D12, g|D12) → Aut((qD12)2, g) is surjective, and hence the gluing is
unique.

The following are the most complicated cases. The proofs are computer aided.
Lemma 7.21. For (21, 72) there are 3 cases distinguished by their invariant lat-
tice:
(1) U ⊕ E6,
(2) U ⊕ 2A2,
(3) U(3)⊕A2.
Proof. Since 72 = res(c21, c3), we get that c3 | χg.
Claim: c7 ∤ χg.
Suppose it does. Then χg = c21c7c3c
2
1. The resultant res(c7, c21c3c1) = 3
67. But
the 36 contribution is coming from C21. Hence detC7 = 7 and C7 ∼= A6 which is
a root lattice.
We distinguish cases by rkC3. Note that
NS ∼= U(7)⊕ E8 ∈ II(1,9)(7−2).
• rkC3 = 2:
Clearly C3 = A2(7) ∈ II(0,2)(3−17−2) is root free, and we can take C1 = U ⊕E6
which has simple glue by Theorem 3.3.
C21 C3 C1 ∼= U ⊕ E67
2 3
• rkC3 = 4:
C3 ∈ II(0,4)(327−2) There are 3 classes in this genus:
A2 ⊕A2(7),
(−6 3
3 −12
)
⊕
(−2 1
1 −4
)
,


4 2 1 1
2 4 −1 2
1 −1 8 3
1 2 3 8


Obviously the first two contain roots. The third one does not, and there is an
isometry 

0 1 0 1
−1 −1 −1 −1
0 0 −1 −1
0 0 1 0


as well. A computation shows that this isometry represents the only conjugacy
class of elements with characteristic polynomial c23. Take C1 = U ⊕ A2 ⊕ A2
which has simple glue by Theorem 3.3 as well.
• rkC3 = 6:
(1) C3 ∈ II(0,6)(3−17−2) This genus contains 4 classes all of which contain roots.
(2) C3 ∈ II(0,6)(337−2) There are 9 classes in this genus. Two of them without
roots. Of these only a single one has an isometry of characteristic polynomial
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c33. We note that there is only a single conjugacy class.
C3 =


4 −2 1 2 1 0
−2 4 −2 −1 −2 0
1 −2 4 2 2 −1
2 −1 2 4 1 −2
1 −2 2 1 6 2
0 0 −1 −2 2 6


, g|C3 =


0 −1 0 0 0 0
1 −1 0 0 0 0
0 0 −1 −1 0 1
0 0 1 0 1 0
0 0 0 0 −1 −1
0 0 0 0 1 0


We can take C1 = U(3) ⊕ A2. We have seen the surjectivity of O(C1) →
O(qC1) already in the proof of Lemma 6.4. Hence C1 has simple glue and
the construction is unique.
• rkC3 = 8:
In this case detC3 is a square and dividing 3272. Hence there are two possibilities
for the genus of C3.
(1) C3 ∈ II(0,8)(7−2) There are three classes in this genus. All of them contain
roots.
(2) C3 ∈ II(0,8)(3−27−2) contains the single classA2(7)⊕E6 which is obstructed.

Lemma 7.22. For (42, 72) there are exactly two actions of g|NS distinguished by
(1) C1C2 ∼= U ⊕ E6, χ(g|NS) = c6c22c61.
(2) C1C2 ∼= U ⊕ 2A2, χ(g|NS) = c6c3c2c51.
Proof. We distinguish along the three cases of (21, 72). Recall that C3C6 is glued
along 72 with C42. Hence
χ(g|(DC3C6)7) = χ(g|DC42) = x2 − x+ 1.
• rkC3C6 = 2:
In this case we have the following glue diagram,
C42 C6 C1C2 ∼= U ⊕ E67
2 3
.
It remains to determine g|U⊕E6. This is the content of Lemma 7.12. Uniqueness
of the glue is evident.
• rkC3C6 = 4:
There are two conjugacy classes [f1],[f2] of O(C3C6) with the right characteristic
polynomials:
(1) f1 =


−1 −1 0 0
1 0 0 −1
0 0 0 −1
0 0 1 1

, χ(f1) = c3c6;
(2) f2 =


0 −1 0 −1
1 1 1 1
0 0 1 1
0 0 −1 0

, χ(f2) = c26.
On the discrimiant form we get
(1) (q, f1)
∼= [(2/3)⊕ (2/3), id⊕−id],
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(2) (q, f2)
∼= [(2/3)⊕ (2/3),−id⊕−id].
Here C1C2 ∼= U ⊕ 2A2 and Lemma 7.12 yields the fundamental root system:
1
2
3
4
Its symmetry group O+(C1C2)/W (C1C2) ∼= D4 ∼= 〈(12), (13)(24)〉 is of order 8.
It has 5 conjugacy classes. One of them is of order 4 which is too high. The other
ones and their action on qC1C2 are represented by
(1) (), [(1/3)⊕ (1/3), id⊕ id];
(2) (34), [(1/3)⊕ (1/3), id⊕−id];
(3) (12)(34), [(1/3)⊕ (1/3),−id⊕−id];
(4) (13)(24), [(2/3)⊕ (2/3), id⊕−id].
Comparing the actions, there are two combinations for a gluing.
– f2 and (12)(34) is obstructed since new roots appear.
– f1 and (34) works.
Since Aut(qC1C2, g) ∼= (Z/2Z)2 is generated by the images of −id|C1C2 and (34),
it has simple glue.
• rkC3C6 = 6:
In this case there are two possible isometries with the right characteristic poly-
nomials. Namely,
(1) with characteristic polynomial c36, In this case we have the following gluings
C42 C6 C2 C1
72 33 2
,
and there C2 ∈ II(0,3)(2±∗ 3−3). By the tables in [12] there is no such lattice.
(Alternatively check [14, Chap. 15, (31-35)].)
(2) With characteristic polynomial c3c
2
6.
(a) rkC2 = 2 Then detC2 | 3222, and the only possibility is C2 = (−6)⊕
(−6). Then the gluings look as follows
C42 C6
C3
C2
C1
72 32
22
3
22
.
Then C1 = (6)⊕ (−2) or (2)⊕ (−6), but only the first one glues along
2 with C2 as well. Now, C3 ∼= A2(2) must be glued to (6) along 3.
This is impossible.
(b) rkC2 = 3 and C1 = (6). Hence detC2 = −2 · 32, and consequently
C2 = A2 ⊕ (−2) is obstructed.

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Lemma 7.23. Affine Weierstraß models for X(21,72) and the automorphisms of
order 21 and 42 corresponding to the cases (1),(2) in Lemmas 7.21 and 7.21 are
given below. For case (3) there is a singular projective model.
(1) y2 = x3 + t4(t7 + 1), (x, y, t) 7→ (ζ3ζ67x,±ζ27y, ζ7t);
(2) y2 = x3 + t3(t7 + 1), (x, y, t) 7→ (ζ3ζ37x,±ζ7y, ζ7t);
(3) x30x1 + x
3
1x2 + x0x
3
2 − x0x33, (x0, x1, x2, x3) 7→ (ζ7x0, ζ7x1, x2, ζ3x3).
Proof. We identify the three cases by computing the fixed lattice of f14.
(1) There is an E6 fiber at t = 0.
(2) There is a fiber of type I∗0 at t = 0 and a fiber of type IV at t = ∞. Now g14
fixes exactly one isolated point in each fiber and a curve of genus 3. This leads
to the fixed lattice U ⊕A2 ⊕A2 of g14. Here U consists of the zero section and
the class of a fiber, one A2 is in the IV fiber and the other one in the I
∗
0 fiber,
namely the component of multiplicity 2 and the one meeting the zero section.
(3) There are 3 singularities of type A2 located at the points (0 : 0 : 1 : ζ
k
3 ). The
fixed points of g14 are a smooth curve of genus 3 at x3 = 0 and the isolated
point (0 : 0 : 0 : 1). Hence g14 has invariant lattice U(3) ⊕ A2. We see that
c33 | χg|NS.

Remark 7.24. In general it is a hard problem to find equations for a K3 surface
with a given Hodge structure. In practice equations are found by a mixture of
theoretical knowledge, computer algebra, heuristics and intuition. In other words
by an ’educated guess’. Below we give some heuristics.
Let (X, g) be a pair of a complex K3 surface and a finite automorphism. We
want to find a (possibly singular) birational model of (X, g). By definition NS(X)g
is primitive. Since g preserves an ample class, this defines a (pseudo-)ample C1-
polarization on X . Let D ∈ NS(X)g be a (nef) divisor. Then g acts linearly on
H0(X,D) and since it is of finite order (in characteristic 0), we can diagonalize this
action. A relatively simple case is when we can choose some U ⊆ C1 ⊆ L ∼= NS.
This induces an equivariant elliptic fibration with reducible singular fibers given by
the roots of U⊥ ⊆ NS. Since Weierstraß equations are quite accessible, it is often
possible from this point to guess equations.
If there is no U ⊆ NSg, we instead choose D ∈ NS with 0 < D2 small. We
may assume D effective, hence pseudo-ample. Since D⊥ ⊆ NS is negative definite
it is easy to compute its roots (and the action of g on them) which correspond to
ADE singularities. At this point further considerations depend on the geometric
situation. For example one can compute the fixed locus of gk and try to specialize
known families.
8. (Non-)symplectic automorphisms of order 5
We want to consider K3 surfaces admitting a symplectic as well as a non-
symplectic automorphism of order five. In this section we collect the necessary
background material.
Theorem 8.1. [36] Let G be a finite abelian group acting symplectically on a
complex K3 surface X. Then the action of G on the K3-lattice is unique up to
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isometries of H2(X,Z). Hence the isometry class of ΩG ··= (H2(X,Z)G)⊥ is de-
termined by G. Conversely ΩG is primitively embedded in NS(X) if and only if G
acts as a group of symplectic automorphisms on X.
We need only the following case for our purposes.
Proposition 8.2. [36, Prop. 10.1]If X is a K3 surface with a symplectic au-
tomorphism σ of order 5, then the invariant lattice H2(X,Z)σ is isomorphic to
U ⊕ 2U(5).
Theorem 8.3. [4] Let X be a K3 surface with a non-symplectic automorphism τ
of order 5 such that τ fixes a curve of genus g and additional k curves of genus 0.
Then this data is as in Table 5 and all cases occur. The number of isolated fixed
points and their local type is given by n1, n2.
Table 5. Non-symplectic automorphisms of order 5
n1 n2 g k (H
2(X,Z)σ)⊥ H2(X,Z)σ
1 0 2 0 H5 ⊕ U ⊕ E8 ⊕ E8 H5
3 1 1 0 H5 ⊕ U ⊕ E8 ⊕A4 H5 ⊕A4
3 1 − − H5 ⊕ U(5)⊕ E8 ⊕A4 H5 ⊕A∗4(5)
5 2 1 1 U ⊕H5 ⊕ E8 H5 ⊕ E8
5 2 0 0 U ⊕H5 ⊕A24 H5 ⊕A24
7 3 0 1 U ⊕H5 ⊕A4 H5 ⊕A4 ⊕ E8
9 4 0 2 U ⊕H5 H5 ⊕ E8 ⊕ E8
Let τ ∈ O(LK3) be an isometry of prime order p with hyperbolic invariant lattice
S(τ) = ker(τ − id) and [τ ] its conjugacy class. A [τ ]-polarized K3 surface is a pair
(X, ρ) consisting of a K3 surface X and a non-symplectic automorphism ρ such
that
ρ∗(ωX) = ζpωX ρ
∗ = φ ◦ τ ◦ φ−1
for some marking φ : LK3 → H2(X,Z). We say two [τ ]-polarized K3 surfaces
(X, ρ), (X ′, ρ′) are isomorphic if there is an isomorphism f : X → X ′ with f−1 ◦
ρ′ ◦ f = ρ. As usual set T (τ) = S(τ)⊥ and let
V τ ··= {x ∈ LK3 ⊗ C | τ(x) = ζpx} ⊆ T (τ)⊗ C
be a complex eigenspace of τ . We set
Dτ = {ω ∈ P(V τ ) | (ω, ω) = 0, (ω, ω) > 0}
and
∆τ =
⋃
d∈T (τ),d2=−2
Dτ ∩ d⊥.
With Γτ = {γ ∈ O(LK3) | γ ◦ τ = τ ◦ γ} we get the following theorem.
Theorem 8.4. [4] The orbit spaceMτ ··= Γτ \(Dτ \∆τ ) parametrizes isomorphism
classes of [τ ]-polarized K3 surfaces. Two pairs (X, ρ), (X ′, ρ′) of K3 surfaces with
non-symplectic automorphism of prime order are polarized by the same ρ ∈ O(LK3)
if and only if S(ρ) ∼= S(ρ′).
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8.1. Simultaneous symplectic and non-symplectic actions of order 5. We
saw that K3 surfaces with a non-symplectic automorphism τ and transcendental lat-
tice T of rank 4 are determined by the c5(x)-isometry class of (T, τ). In this section
we ask which c5(x)-lattices arise in this fashion from K3 surfaces and which of them
admit a symplectic automorphism of order 5. Similar methods have recently been
applied in [11]. There the authors prove the existence of a non-symplectic automor-
phism of order 23 on a holomorphic symplectic manifold deformation equivalent to
the Hilbert scheme of two points on a K3 surface.
Lemma 8.5. A complex K3 surface X admits a symplectic automorphism of order
5 if and only if the transcendental lattice embeds primitively into
T →֒ U ⊕ 2U(5).
Proof. Proposition 8.2 provides the only if part. Now assume that
T →֒ U ⊕ 2U(5).
Since T has signature (2, 22 − ρ), this implies l(DT ) ≤ rkT ≤ 5. By Theorem 3.2
T →֒ LK3 is unique and so is the orthogonal complement NS of T . It contains
ΩZ/5Z. Now apply Theorem 8.1. 
8.2. The commutative case.
Proposition 8.6. The pair (S,G) where S is a complex K3 surface and G =
(Z/5Z)2 is unique up to isomorphism. It is given as the minimal resolution of the
double cover of the projective plane branched over the sextic curve given by
x0(x
5
0 + x
5
1 + x
5
2)
with diagonal G action. The transcendental and Néron-Severi lattice of S are iso-
metric to
NS ∼= H5 ⊕ 2A4 ⊕ E8, T ∼= H5 ⊕ U(5).
Proof. Let X be a (complex) K3 surface with a faithful G = (Z/5Z)2 action. Then
G/Gs is cyclic [36, Thm 3.1] where Gs = kerG → O(H2,0(X)). Since G is not
symplectic by the classification of (abelian) symplectic actions in [36, Thm. 4.5],
Gs 6= G. This leaves us with Gs ∼= Z/5Z. Then G = 〈σ, τ〉 with a symplectic auto-
morphism σ and τ a non-symplectic automorphism such that σ ◦ τ = τ ◦ σ. First
we show that T has rank 4 and the action of τ on T∨/T is of the form OK/(x−1)3.
Then Theorem 5.4 provides the uniqueness of X .
The transcendental lattice T embeds in the invariant lattice of σ,
i : T →֒ U ⊕ 2U(5) ∼= H2(X,Z)σ.
In particular rkT ≤ 5. As X admits the non-symplectic automorphism τ of order
5. Thus rkT ≡ 0 mod 4. This leaves us with rkT = 4, i.e. the Picard number of
X is 18. Since τ and σ commute, τ acts on both sides of the embedding i. This
observation is our starting point. Denote by R ··= i(T )⊥ then
T ⊕R →֒ U ⊕ 2U(5)
is a primitive extension compatible with the action of τ . It corresponds to a glue
map φ
DT ⊇ GT ∼−→
φ
GR ⊆ DR
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with φ ◦ τ = τ ◦ φ such that qT (x) = −qR(φ(x)). By definition τ acts with order
5 on T . The pair (T, τ |T ) is a c5(x)-lattice. Since c5(x) is a simple reciprocal
polynomial, this pair is isomorphic to a twist L0(a) of the principal lattice
(T, τ) ∼= (L0(a), f).
Our next goal is to determine the prime factorization of a. The rank of R is too
small for an action of order 5, so there τ restricts to the identity. The resultant
equals res(x4 + x3 + x2 + x + 1, x − 1) = c5(1) = 5. By Corollary 3.9 this forces
GT ∼= GR to be 5-groups, i.e., gluing can occur only over 5. In view of U ⊕ 2U(5)
being 5-elementary we know that DT and DR are 5-groups as well. Since DT is a
5-group, it suffices to consider twists above 5. There is only a single prime ideal
(x− 1)OK over 5. Hence up to units we may only twist by associates t of (x− 1)2.
Recall from Lemma 3.13 that
D(L0(t
k)) ∼= OK/(x− 1)2k+1.
Since the action of τ preserves GT , the glue GT is actually isomorphic to an ideal
in OK/(x− 1)2k+1OK . These are of the form (x− 1)hOK/(x− 1)2k+1.
GT ∼= OK/(x− 1)2k+1−hOK(2)
DT /GT ∼= OK/(x− 1)hOK(3)
The action of τ on GT ∼= GR is the identity. It is given by multiplying by x. This
means that
x ≡ 1 mod (x− 1)2k+1−h
which is the case for 2k+ 1− h ∈ {0, 1}. Since the gluing results in a 5-elementary
lattice, DT /GT (and DR/GR) are F5-vector spaces. We get h ≤ 4 and then k ∈
{0, 1, 2}. We want to show k = 1.
First suppose k = 0, then DT has length 1 and DR at most length 2. However,
DU⊕2U(5) ∼= F45 has length 4 and is a sub-quotient of DT ⊕DR. This is impossible.
Now suppose k = 2, then D(L0(t
2)) ∼= F35 ⊕ Z/25Z which is not a vector space.
Hence we have to glue, that is, h = 4 and GT = 5DT ∼= F5. Solving
(4) |DT /GT ||DR/GR| = |DU⊕2U(5)| = 54
we get |DR| = 5. Thus we arrive at a glue map 5DT = GT ∼= GR = DR, but the
discriminant form on GT is 0 while on DR it is non-degenerate - a contradiction.
We are left with k = 1 and DT ∼= OK/(x− 1)3 ∼= F35.
The uniqueness of a symplectic action is well known, and we have computed the
conjugacy class of τ |(H2(X,Z)σ. Set Ω = (H2(X,Z)σ)⊥ and recall Ω ∼= ΩZ/5Z.
From the gluing we know (the conjugacy class of) tau ∈ O(qΩ). Hence the action
of τ |Ω is unique up to the kernel of O(Ω)→ O(qΩ) which is generated by σ. Finally,
the few extension property of (T, τ |T ) provides us with the uniqueness of τ (up to
multiplication by σ) and hence G. 
In order to extend this result to positive characteristic we recall some results
and definitions concerning the lifting of an automorphism. For details, we refer
to [22]. Let k be an algebraically closed field of positive characteristic p and X/k a
K3 surface. We get the canonical surjection
π : H2cris(X/W )→ H2cris(X/W )/pH2cris(X/W ) ∼= H2dR(X/k).
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Attached to H2dR(X/k) is the Hodge filtration F
iH2dR(X/k), 0 ≤ i ≤ 3 where
F 2H2dR(X/k)
∼= H0(X,Ω2X). Any isotropic line M ⊆ H2cris(X/W ) with π(M) =
F 2H2dR(X/k) corresponds to a formal lift X of X/k. It is algebraic if and only if
there is an ample line bundle L with c1(L) ∈ M⊥. An automorphism of X/k lifts
to X (and its algebraization) iff it preserves M .
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Lemma 8.7. Let k be an algebraically closed field of positive characteristic p 6= 2.
Let X/k be a K3 surface, σ a symplectic and τ a non-symplectic automorphism of
order five. If σ and τ commute, then the triple (X, σ, τ) lifts to characteristic zero.
Proof. Since there is no non-symplectic automorphism of order 5 in characteristic 5,
we can assume p 6= 5. By the discussion above we have to find an isotropic rank one
submodule M ⊆ H2cris(X/W ) and an ample line bundle L with c1(L) ∈ M⊥ such
that π(M) = F 2H2dR(X, k) and σ(M) = M, τ(M) = M . We imitate the reasoning
of [22, 3.7].
Assume that X is of finite height. As in (the proof of) [22, 3.7] we can lift
(X, τ) with M inside H2(X/W )[1+1/h] ⊆ Tcris = NS⊥ ⊆ H2cris(X/W ). Since σ is
symplectic, it acts as identity on Tcris (cf. [22, 3.5]). Hence, it trivially preserves
M and σ lifts together with (X, τ) (to an algebraic K3 surface).
Now assume that X is supersingular. Set H ··= H2cris(X/W ) and let ζ ∈ W be
a 5th root of unity such that τ acts on F 2H2dR(X, k)
∼= H0(X,Ω2X) by ζ = ζ + pW .
Recall that p 6= 5 and hence, by Hensel’s lemma, t5 − 1 ∈ W [t] splits. In particular
the action of σ and τ on H is semisimple. The simultaneous eigenspaces
Ek,l = ker(σ − ζkI) ∩ ker(τ − ζlI), 0 ≤ k, l ≤ 4
induce decompositions
H ∼=
22⊕
k,l=1
Ek,l and H/pH ∼=
22⊕
k,l=1
Ek,l/pEk,l.
Note that Ek,l/pEk,l is the simultaneous eigenspace corresponding to ζ
k
and ζ
l
.
Take any 0 6= v ∈ F 2H2dR(X, k) ⊆ E0,1/pE0,1 and lift it to some m ∈ E0,1. Set
M = Wm. By construction π(M) = F 2H2dR(X, k) and M is preserved by both σ
and τ . Any eigenvector of τ with eigenvalue ζ is isotropic (ζ2 6= 1). We can find
a τ∗ invariant ample line bundle. It is orthogonal to M . This completes the proof
by showing that the lift induced by M is algebraic. 
By lifting the triple (X, σ, τ) we can reduce to the complex case and get the
following proposition.
Proposition 8.8. Let k be an algebraically closed field of odd or zero characteristic
not 5. There is a unique K3 surface S/k admitting a commuting pair of a symplec-
tic and a non-symplectic automorphism of order 5. In characteristic five no such
surface exists.
Example 8.9. [16, §6] The general unitary group GU(3,F55
2) acts on the Her-
mitian form x60 + x
6
1 + x
6
2 over F52 . Then PSU(3,F52) acts symplectically on the
double cover of P2 branched over x60+ x
6
1+ x
6
2 = 0. It is a supersingular K3 surface
of Artin invariant σ = 1. We note that (Z/5Z)2 →֒ PSU(3,F52).
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8.3. The non-commutative case. In this section we will prove the existence of
an infinite number of K3 surfaces with a non-symplectic and a symplectic auto-
morphism of order 5. We present them as a sequence of [ρ]-polarized K3 surfaces.
So essentially we are constructing their Hodge structures. Then surjectivity of the
period map and the Torelli-Theorem provide their existence.
Proposition 8.10. Let X/C be a K3 surface with a non-symplectic automorphism
τ and a symplectic automorphism σ both of order 5. Then
(1) there is a primitive embedding i : T →֒ U ⊕ 2U(5),
(2) (T, τ) →֒ (N, f) where N is as in Table 5, f is of order 5, its characteristic
polynomial is a perfect power of c5(x) and f acts as identity on N
∨/N ,
(3) the orthogonal complement C of T in N does not contain any roots.
Conversely these conditions are sufficient for a c5(x)-lattice to arise as (T, τ) from
a K3 surface.
Proof. The first condition is Lemma 8.5. To see the necessity of the second con-
dition note that N = (H2(X,Z)τ )⊥ =: T (τ) and S(τ) ··= H2(X,Z)τ . Since the
K3-lattice is unimodular, we get an isomorphism T (τ)∨/T (τ) ∼= S(τ)∨/S(τ) com-
patible with the action of τ on both sides. Since τ is the identity on the right side,
it is the identity on the left side as well. For the third condition, note that the or-
thogonal complement of T in T (τ) lies in NS. It can be shown with Riemann-Roch,
that if x ∈ NS is a root, then x or −x is effective. Suppose x is. Let h be an ample
class. If x ∈ N ∩NS, then 0 < h.(x+ τ(x)+ τ2(x)+ τ3(x)+ τ4(x)) = h.0 = 0. Thus
these roots are an obstruction for τ to preserve the effective cone in NS. Hence
they do not exist.
Let us turn to the sufficiency: By (2) we can extend τ to an isometry f of
N =: T (f) which we can then glue to the identity on the matching S(f) to obtain
an isometry f on the K3-lattice. We realize X as an [f ]-polarized K3 surface. After
replacing f by fn and τ by τn, we can assume that (ω, ω) > 0 for any non-zero
ω ∈ η ··= ker(τ − ζ5 id) ⊆ T ⊗ C. This eigenspace η is our candidate period in Nf .
Once we show that η /∈ ∆f (as defined in Sect. 8.1, we can apply Theorem 8.4.
Assume ∃d ∈ T (f) with d2 = −2 and (d, ω) = 0. Then d ∈ η⊥ ∩ T (f) = C, but C
has no roots. Hence, such d do not exist. We get the existence of an [f ]-polarized
K3 surface X with period η.
In particular X has a non-symplectic automorphism of order 5 and transcenden-
tal lattice isometric to T . Then (1) and Lemma 8.5 imply that X has a symplectic
automorphism of order 5 as well.

We start our search for different K3 surfaces with both a symplectic and a non-
symplectic automorphism of order 5 by analyzing (1). Set C = i(T )⊥. Then
l(D(T )p) = l(D(C)p) ≤ 2 for p 6= 5. Hence we cannot twist by inert primes - these
result in length 4. We can only twist by the prime above 5 or by primes above
p ≡ 1, 4 mod 5.
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Lemma 8.11. Let r1, ..., rn be primes in Ok above the distinct primes p1, ...pn ≡ 1
mod 5 and s be the prime over 5. Then for r =
∏
i ri
L0(sr) →֒ U ⊕ 2U(5)
primitively given that L0(sr) has signature (2, 2).
Proof. A different perspective to primitive embeddings is a primitive extension. We
glue L0(sr) and H5(
∏
i pi) to obtain U ⊕ 2U(5). Since pi ≡ 1 mod 5, the prime
ri ∈ Ok splits in OK as ri = ri1ri2.
D(L0(sr))pi
∼= OK/ri ∼= OK/ri1 ×OK/ri2 ∼= F2pi
And the form on D(L0(sr))pi in a basis of eigenvectors can be normalized to
qpi =
(
0 1
1 0
)
.
In particular qpi has determinant −1 ∈ F×pi/F×2pi . Since the dimension is even,
qpi
∼= qpi(−1). So for a glue map to exist it is enough to show that the discriminant
form on D(H5(p))pi is isomorphic to qpi . It can be computed directly:
det 5
∏
i
pi
(
2 1
1 −2
)
= −53
∏
i
p2i .
Its square class is given by the Legendre symbol(−53
pi
)
=
(−1
pi
)(pi
5
)
=
(−1
pi
)
as desired. 
So for condition (1) we have a nice list of examples. It remains to check conditions
(2) and (3). Set T ··= L0(sr). We are searching for a gluing of c5(x)-lattices
(T, fT )⊕ (C, fC) →֒ (N, f)
where N is a (x− 1)-elementary c5-lattice as in Table 5. As a first try we can take
N ∼= U ⊕H5. Then C = 0 and T ∼= N which is not the case. As a second try take
N ∼= U ⊕H5 ⊕ A4. We will see that it does not work and develop along the way
the methods to handle the third try successfully.
Now C is of rank 4. So by Theorem 3.11 it is a twist of the principal c5(x)-lattice
as well. Since N is 5-elementary, the p 6= 5-parts of the discriminant groups of T
and C are isomorphic. For the 5-glue we use that N is (x − 1) elementary. In
particular (DT /GT )5 ∼= OK/(x − 1) which implies that (DC/G)5 ∼= O/(x − 1) as
well. We end up with a primitive extension
L0(sr)⊕ L0(ǫsr) →֒ U ⊕H5 ⊕A4
where ǫ ∈ O×k is chosen such that C ··= L0(ǫsr) has signature (0, 4). Since we
have to glue over 5, we need some more knowledge of how to glue c5(x)-lattices.
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Lemma 8.12. Let q be a non-degenerate quadratic form on F5[X ]/(X − 1)3 where
multiplication by X is an isometry. Then q can be normalized as follows:
 0 2 −12 1 0
−1 0 0



0 1 21 −2 0
2 0 0

 .
In the first case det q is a square and the second case not. In any case a ∈ F5 and
the basis is given by u · 1, u · (X − 1), u · (X − 1)2 for some unit u ∈ F×5 .
Proof. We start in the basis 1, X,X2 of F5[X ]/(X − 1)3. By invariance under
multiplication by X the Gram-matrix of q is of the form
 a b 4b− 3ab a b
4b− 3a b a

 .
It has determinant 8(b−a)3. We can change the basis to 1, X− 1, (X− 1)2. In this
basis the Gram-matrix is given by
 a b− a 2(b− a)b− a −2(b− a) 0
2(b− a) 0 0


After multiplying the basis by an element u ∈ F×5 we can assume that (b − a) ∈
{1, 2}. Finally, by replacing 1 by 1 + u(x− 1)2 for some u ∈ F5, we get a = 0. 
Lemma 8.13. Let q1 and q2 be isomorphic quadratic forms over OK/(x − 1)3
invariant under multiplication by x. Let G1 = G2 = (x − 1)OK/(x − 1)3. Then
we can find an OK-module isomorphism φ : G1 → G2 with q1(x) = −q2(φ(x)) and
graph Γ such that Γ⊥/Γ ∼= (OK/(x− 1))2.
For G˜i = (x− 1)2OK/(x− 1)3 we can find a glue map with
Γ⊥/Γ ∼= OK/(x− 1)3 ⊕OK/(x− 1).
This sum can be chosen orthogonal. The square class of the OK/(x − 1)3-part is
independent of choices and different from that of q1.
Proof. Assume det q1 a square mod 5. First we normalize the forms as in Lemma
8.12 (recall that −1 is a square mod 5). That is, we can find
v ∈ F5[X ]/(x− 1)3 such that the qi are given by the following matrices
q1 =

 0 2 −12 1 0
−1 0 0

 q2 =

 0 −2 1−2 −1 0
1 0 0


in the bases ei = (x− 1)iv for q1 and bi = 2(x− 1)iv, for q2, i ∈ {0, 1, 2}.
Then we define φ by φ(e1) = b1 and φ(e2) = b2. By construction this reverses
the signs and is an OK-module isomorphism. It remains to compute Γ⊥/Γ where
Γ = 〈e1 + b1, e2 + b2〉.
Thus
Γ⊥ = 〈e2, b2, e0 + b0, e1 + b1〉.
By definition multiplication by (x − 1) raises the index of the ei, bi by one. Hence
we get the desired module structure of Γ⊥/Γ. For G˜i, take φ(e2) = b2 and do the
computation. The proofs are the same for det qi a non-square. 
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Let us return to the hoped for primitive extension
L0(sr) ⊕ L0(ǫsr) →֒ U ⊕H5 ⊕A4.
In order to glue, the discriminant forms of L0(sr) and L0(ǫsr) must be isomorphic.
By the oddity formula
signature (L) +
∑
p≥3
p-excess (L) ≡ oddity (L) mod 8.
In the proof of Lemma 8.11, we saw that the p 6= 5 parts of both discriminant forms
are equal. So if we subtract the oddities of both forms we end up with
4 + 5-excess(L0(sr)) − 5-excess(L0(ǫsr)) ≡ 0 mod 8.
In particular the discriminant forms cannot be isomorphic as their 5-excess differs.
Our next try, compatible with the oddity formula, is
L0(sr) ⊕ C →֒ U ⊕H5 ⊕A4 ⊕A4.
and indeed this turns out to work.
Lemma 8.14. There is a negative definite, root-free c5-lattice C with discriminant
group isomorphic to OK/r×OK/(x−1)3×OK/(x−1). Such that the determinant
of the discriminant form on OK/(x− 1)3 is a non-square.
Proof. We take C as a primitive extension of L0(sr) ⊕ L0(s) where the glue over
the 5−part is isomorphic to OK/(x− 1). For this, we have to check that both sides
have isomorphic forms on the 5 part. To do this we use the oddity formula. Recall
that
pi-excess(L0(sr)) = 2(pi − 1) + 4kpi
In the proof of Lemma 8.11 we have seen that det qpi = −1. Write pi = 4k + r,
0 ≤ r < 4. If pi ≡ 1 mod 4, the determinant −1 of qpi is a square mod pi. Thus
kpi vanishes and
pi-excess(L0(sr)) ≡ 2(4k + 0) · 0 ≡ 0 mod 8.
For pi ≡ 3 mod 4, we get
pi-excess(L0(sr)) ≡ 2(4k + 2) + 4 · 1 ≡ 0 mod 8.
Both lattices are negative definite and the p 6= 5-excess and oddity vanish for both
forms. From the oddity formula
0 ≡ 4 + 5-excess ≡ 4 + 3 · (5− 1) + 4k5 mod 8
we can see k5 = 0 for both forms. We conclude that the determinant of each dis-
criminant form over 5 is a square. This can be confirmed by a direct computation
for L0(s). Now we may apply Lemma 8.13 to get the gluing and the condition on
the determinants right.
It remains to check that C is root-free. First we remark that there are embed-
dings
L0(sr) →֒ L0(s) →֒ L0 = A4.
Suppose the sublattice L0(s) contains a root x. Then (x, f(x), f
2(x), f3(x)) is a
basis of L0(sr) consisting of roots, and hence L0(sr) = A4. This is impossible for
determinant reasons. Secondly, notice that we glue over an isotropic subspace. This
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implies that C →֒ H1 ⊕ H2 for some even lattices Hi. Then any point of h ∈ C
which is not in L0(sr)⊕ L0(s) can be written as h = h1 + h2 with 0 6= hi ∈ Hi. In
particular h2 = h21 + h
2
2 ≤ −2− 2. 
Theorem 8.15. There exists an infinite series of K3 surfaces admitting a symplec-
tic and a non-symplectic automorphism of order 5. Their transcendental lattices
are given as follows:
let r1, ..., rn be primes in Ok over the distinct primes p1, ...pn ≡ 1 mod 5. Let
s ∈ Ok be the prime over 5. Then for r =
∏
i ri,
T = L0(sr).
Proof. We have to check the conditions of Proposition 8.10. (1) is Lemma 8.11. (2)
We claim that there is a primitive extension of c5-lattices
L0(sr) ⊕ C →֒ U ⊕H5 ⊕A4 ⊕A4 = T (τ)
such that T (τ)∨/T (τ) ∼= (OK/(x− 1))3 . For this, take the C from the previous
Lemma 8.14 which satisfies (3). The p 6= 5 part glues automatically by Theorem
3.7. It remains to check the 5-part of the construction. However, this is provided
by Lemmas 8.13 and 8.14. 
Remark 8.16. A similar construction with slightly different gluings also works for
p ≡ 4 mod 5.
9. Generators of the Néron-Severi Group of S
In general it is a hard problem to determine of the Néron-Severi lattice of a
surface. More even so for explicit generators. As we have seen, automorphisms and
elliptic fibrations come to help here.
9.1. Elliptic fibrations. A genus 1 fibration on a smooth surface X is a surjective
morphism f : X → B to a smooth curve B such that the generic fiber is a smooth
curve of genus one. It is known that for K3 surfaces the only possibility for the
base is B = P1. If f admits a section O : B → X , we call the pair (f,O) an ellip-
tic fibration. This turns the generic fiber of an elliptic fibration E into an elliptic
curve over the function field of the base curve B. Rational points of E correspond
to sections of π and vice versa. We will not distinguish between the two concepts
and call the resulting groups both the Mordell-Weil group of the elliptic fibration.
It is denoted by MW.
The reason for us to consider elliptic fibrations is that their fibers give access to
a good part of the Néron-Severi group. Together with the zero section O the fibers
span the trivial lattice
Triv(X) ··= 〈O, fiber components〉Z.
It decomposes as an orthogonal direct sum of a hyperbolic plane spanned by O
together with the fiber F and negative definite root lattices of type ADE consist-
ing of fiber components (cf. [24,50]). Note that the singular fibers (except in some
cases in characteristics 2 and 3) are determined by the j-invariant and discriminant
of the elliptic curve E.
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The objects introduced so far are connected by the following theorem.
Theorem 9.1. [47] There is a group isomorphism
MW(X) ∼= NS(X)/Triv(X).
9.2. An elliptic fibration on S. Any K3−surface with ρ ≥ 5 admits a genus one
fibration (cf. [42]). We have seen that the Picard number of S is ρ = 18 ≥ 5. Thus
S admits a genus one fibration. Since S is a K3 surface we know that the base
curve is P1.
The double cover S˜ of P2 branched over x0(x
5
0+x
5
1+x
5
2) is given in affine charts
by:
(x, z, y) =
(
1
s
,
t
s
,
y˜
sk
)
=
(
r
q
,
1
q
,
yˆ
qk
)
U : y2 = x5 + z5 + 1 (x, y, z) 7→ (1 : x : z)
V : y˜2 = s(s5 + t5 + 1) (s, y˜, t) 7→ (s : 1 : t)
W : yˆ2 = q(q5 + r5 + 1) (q, yˆ, r) 7→ (q : r : 1)
It has A1 singularities over the points (0 : 1 : −ζk5 ), k ∈ {0, 1, 2, 3, 4}. Its minimal
resolution S is given by a single blowup in each singular point.
Let u = x+ z then
y2 − x5 − z5 − 1 = y2 − (1 + u5 − 5u4x+ 10u3x2 − 10u2x3 + 5ux4)
is a curve of genus one over C(u) and in these coordinates a fibration is given by
π : S 99K P1
(x, y, u) 7→ (1 : u).
In the affine chart U one sees immediately 5 curves Ck ··= (y + 1, x+ ζk5 z). We
take C1 as zero section.
Now that we have exhibited an elliptic fibration, let us compute its singular fibers.
Using Cassels’ formulas [13] and a computer algebra system one can compute the
j-invariant and the discriminant.
j = 2048
(u5 + 6)3
(u5 − 4)2(u5 + 16)
∆ = −80(76ζ35 + 76ζ25 + 123)
(u5 + 16)(u5 − 4)2
u21
Together they determine the singular fibers and their type. The Euler numbers add
up to 24 as befits a K3 surface.
5e(I1) + 5e(I2) + e(I
∗
0 ) + e(III) = 5 · 1 + 5 · 2 + 6 + 3 = 24
Proposition 9.2. The trivial lattice of (S, π) is isomorphic to
Lπ ∼= U ⊕A61 ⊕D4.
It has rank 12 and determinant −28.
Corollary 9.3. (S, π) has Mordell-Weil rank 6.
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Table 6. Singular fibers of (S, π)
k ∈ {1, ..., 5} (−ζk5 5
√
16 : 1) (ζk5
5
√
4 : 1) (0 : 1) (1 : 0)
ν(∆) 1 2 6 3
behavior of j ν(j) = −1 ν(j) = −2 ν(j) = 0 j(u = 0) = 1728
Kodaira type I1 I2 I
∗
0 III
Proof. This is a direct consequence of ρ = 18 and the Shioda-Tate formula. 
Let us fix some notation. We will give a prime divisor in terms of an ideal in
an affine chart of S˜. The divisor is to be interpreted as the strict transform of
the closure of this curve. Denote by E the exceptional divisor of the blowup in
s = t+ 1 = 0. It is a section. The elliptic fibration provides us with the following
fiber components lying over the points (1 : 0), (0 : 1) and ( 5
√
4 : 1):
C ··= (x+ z, y + 1)
H ··= (s, y˜)
D ··= (x+ z − b, y + (2a3 + 2a2 + 1)5b3z2 + (a3 + 6)b4z + 9a3 + 9a2 + 10)
a ··= ζ5, b ··= 5
√
4
Let us express two automorphisms of S in terms of their action on the affine
open set U .
τ :(x, y, z) 7→ (x, y, ζ5z)
µ :(x, y, z) 7→ (ζ5x, y, ζ5z)
Note that µ respects the fibration while τ does not.
Proposition 9.4. The Néron-Severi group of the K3 surface defined by y2 = x5 +
z5+1 is integrally generated by the images of the curves C,D,E,H under the action
of τ and µ.
Proof. For example an integral basis is given by
τkE k ∈ {0, 1, 2, 3, 4},
H,
µkD k ∈ {0, 1, 2, 3, 4},
τkC k ∈ {1, 2, 3},
τkD k ∈ {1, 2},
τµkD k ∈ {1, 2}.
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One can compute their intersection matrix with a computer algebra system and
obtain: 

−2 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0
0 −2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −2 0 0 1 0 0 0 0 0 1 0 0 1 0 1 1
0 0 0 −2 0 1 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 −2 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 1 1 1 −2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 −2 0 0 0 0 1 0 0 0 0 0 1
1 0 0 0 0 0 0 −2 0 0 0 1 0 0 1 0 0 0
1 0 0 0 0 0 0 0 −2 0 0 1 0 0 0 1 1 0
1 0 0 0 0 0 0 0 0 −2 0 1 0 0 1 1 0 1
1 0 0 0 0 0 0 0 0 0 −2 1 0 0 0 0 1 0
0 0 1 0 0 0 1 1 1 1 1 −2 1 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 1 −2 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 1 −2 1 0 1 1
0 0 1 0 0 0 0 1 0 1 0 0 0 1 −2 1 0 0
0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 −2 1 0
0 0 1 0 0 0 0 0 1 0 1 0 0 1 0 1 −2 0
0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0 −2


As predicted it has signature (1, 17) and determinant −125 . 
Corollary 9.5. The images of the trivial lattice Lπ under µ, τ generate NS(S)
integrally.
Corollary 9.6. The Mordell-Weil group of (S, π, τC) is of rank 6. It is generated
by the sections
τkC k ∈ {2, 3},
τkD k ∈ {1, 2},
τµkD k ∈ {1, 2},
E.
where the two torsion is given by the relation 2E−2τ2C−2τ3C = 2(x+ζ5z, y+1) =
0. This is the only relation.
Proof. By the theorem on the Mordell-Weil group, we take a basis for NS consisting
of sections and fiber components. Then we discard the fibers and keep the sections.
The D4 fiber is H together with 4 exceptional divisors τ
kE τ ∈ {1, 2, 3, 4}. The
µkD, k ∈ {0, 1, 2, 3, 4} are part of the I2 fibers. The rest are sections. The only
fiber missing in the basis for NS is the type III fiber corresponding to x+z = 0. We
take the component G ··= (x + z, y − 1) not meeting the zero section and compute
its intersection numbers with the chosen basis of NS. From this one may compute
the basis representation of G and obtain G ≡ 2E − 2τ2C − 2τ3C mod Lπ. This
proves that [NS : Lπ] = 2. A similar computation yields the two-torsion section
(x+ ζ5z, y + 1). 
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